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1 Introduction
Noether’s theorem states that every symmetry of a given system has a corre-
sponding conservation law. In terms of symplectic geometry, these conserved
quantities are encoded in the momentum map. It was, however, quickly realized
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that the momentummap geometry not only plays an important role in dynamical
systems but is also a valuable tool in the study of differential geometric questions.
In their seminal work, Atiyah and Bott [AB83] showed that the curvature of a
connection on a principal bundle over a Riemannian surface is the momentum
map for the action of the group of gauge transformations. They applied Morse
theory to the norm-squared of the momentum map (the Yang–Mills functional)
in order to obtain the cohomology of the moduli space of Yang–Mills solutions
which, by the Narasimhan–Seshadri theorem, can be identified with the moduli
space of stable holomorphic structures. Within the same circle of ideas, Fujiki
[Fuj92] and Donaldson [Don97; Don00; Don03] provided a momentum map
picture for the relationship between the existence of constant scalar curvature
Kähler metrics and stability in the sense of geometric invariant theory.
The first main aim of this paper is to provide a framework which encompasses the gauge
theory setting of Atiyah and Bott and, at the same time, the action of diffeomorphism
groups of Fujiki and Donaldson. Our starting point is a symplectic fiber bundle of
the form F  P ×G F for a principal G-bundle P → M, where the typical fiber
F is endowed with a G-invariant symplectic form. The fiberwise symplectic
structure, combined with a volume form on the base M, induces a symplectic
form Ω on the space F of sections of F → M. The gauge group of P acts in a
natural way on F , leaving the induced symplectic form Ω invariant. As we will
see, this action possesses a momentum map which is completely determined
by the momentum map of the G-action on the fiber F. Suppose the bundle
P is natural, i.e., it comes with a lift of Diff(M) to bundle automorphisms (for
example, this is the case when P is the frame bundle of M). In this case, every
subgroup of the group of volume-preserving diffeomorphisms acts naturally on
the space F of sections and leaves Ω invariant. Our first result is summarized
in Theorems 3.3 and 3.7 which determine the momentum map for the group
of volume-preserving diffeomorphisms and symplectomorphisms, respectively.
There are, essentially, two contributions to the momentum map. The first term is
the pull-back of the fiberwise symplectic structure. The second term involves
the fiber momentum map and, morally speaking, captures how much the lift
of diffeomorphisms to bundle automorphisms shifts in the vertical direction.
The interesting point is that the momentum map for the automorphism group
on the infinite-dimensional space of sections is canonically constructed from the
finite-dimensional symplectic G-manifold F.
In contrast to the case of the action of the gauge group, the momentum map
for the symplectic action of the diffeomorphism group on the space of sections
does not exist in full generality. This was already pointed out in [Don00; Don03].
The obstruction has a topological character, i.e., certain cohomology groups have
to vanish. To remedy this situation, one restricts attention to a certain “exact”
subgroup, e.g., the subgroup of Hamiltonian diffeomorphisms in the group of all
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symplectomorphisms. The action of this subgroup then usually admits a classical
momentum map. Working from a completely different point of view, similar
observations were made by Gay-Balmaz and Vizman [GV12] in their study of
the classical dual pair in hydrodynamics. In this case, the symplectic action of
volume-preserving diffeomorphisms on a symplectic manifold of mappings only
has a momentum map under certain topological conditions and one is forced to
work with suitable central extensions of the group of exact volume-preserving
diffeomorphisms.
In this paper, we take the viewpoint that the above mentioned topological
obstructions are not a bug but a feature of the theory. The action of the diffeo-
morphism group interacts with, and is largely determined by, the topological
structure of the bundle. Thus, one would expect to capture certain topological
data (like characteristic classes) that are “conserved” by the action. Such “con-
servation laws” should be encoded in the momentum map. Since the classical
momentum map takes values in a continuous vector space, there is no space to
“store” discrete topological information. Hence, whenever those classes do not
vanish, a classical momentum map does not exists. Nonetheless, one could hope
that a generalized momentummap exists and captures the conserved topological
data.
The second main aim of the paper is to translate these philosophical remarks into explicit
mathematical statements. In order to do this, we generalize the notion of momentum maps
allowing them to take values in groups. Our concept of a group-valued momentum
map is inspired by the Lu momentum map [Lu90; LW90] in Poisson geometry.
We emphasize right away that the group-valuedmomentummapwe introduce in
this paper is a vast generalization of many notions of momentummaps appearing
in the literature including circle-valued, cylinder-valued, and Lie algebra-valued
momentum maps. We show that our generalized group-valued momentum map
always exists for the action of the diffeomorphism group, without any topological
assumptions on the base but some integrability conditions on the fiber model.
The resulting momentum map captures topological invariants of the geometry,
exactly in (the dual of) those cohomology classes which prevented the existence
of a classical momentum map. This approach of extending the definition of the
momentum map, besides the situation described above in Poisson geometry, in
order to capture conservation laws not available using the classical definition, has
been used successfully before in the theory of the cylinder-valued and optimal
momentum maps; see [OR03] for a detailed presentation.
To see how our approach works, consider the following setting. Let (M, µ) be
a closed (i.e., compact and boundaryless) n-manifold with volume form µ and
(F, ω) a symplectic manifold. The space C∞(M, F) of smooth maps from M to F
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carries the weak symplectic form
Ωφ(X,Y) 
∫
M
ωφ(m)
(
X(m),Y(m)) µ(m), (1.1)
where φ ∈ C∞(M, F) and X,Y ∈ Tφ C∞(M, F), i.e., the maps X,Y : M → TF
satisfy X(m),Y(m) ∈ Tφ(m)F for all m ∈ M. The natural action by precomposition
of Diffµ(M), the group of diffeomorphisms of M preserving the volume form µ,
leaves Ω invariant. If ω is exact, say with primitive ϑ, then the momentum map
is given by
J : C∞(M, F) → Ω1(M)/dΩ0(M), φ 7→ [φ∗ϑ], (1.2)
where the space of volume-preserving vector fields Xµ(M) (the vector fields
whose µ-divergence vanishes) is identified with the space of closed (n − 1)-forms,
so that Xµ(M)∗ ' Ω1(M)/dΩ0(M) with respect to the natural integration pairing.
More generally, Gay-Balmaz and Vizman [GV12] showed that a (non-equivariant)
momentum map also exists when the pull-back of ω by all maps φ ∈ C∞(M, F)
is exact; for example, this happens when H2(M,R) is trivial. Our generalized
group-valued momentum map takes no longer values in Xµ(M)∗, but instead in
the Abelian group Hˆ2(M,U(1)) that parametrizes principal circle bundles with
connections modulo gauge equivalence. If (F, ω) has a prequantum bundle (L, ϑ),
then the map
J : C∞(M, F) → Hˆ2(M,U(1)), φ 7→ [φ∗(L, ϑ)], (1.3)
which sendsφ to the pull-back bundlewith connectionφ∗(L, ϑ), is a group-valued
momentum map. We see that no (topological) restrictions have to be imposed on
M and only the integrability condition of the symplectic form ω on F is needed
for the existence of a group-valued momentum map. In contrast to the classical
momentum map, a Hˆ2(M,U(1))-valued momentum map contains topological
information. First, the Chern class of the bundle, as a class in H2(M,Z), is
available from the generalized momentum map. In our simple example, this is
the pull-back of the Chern class of L. A second class in H1(M,U(1)) is related to
the equivariance of the momentum map; see Remark 3.6 for details.
In Table 1, we illustrate the conclusions implied by our general framework in
several important examples. Next, we comment separately on each one of them.
Marsden and Weinstein [MW83] construct Clebsch variables for ideal fluids
starting from a similar infinite-dimensional symplectic system as discussed above.
It turns out, that every vector field represented in those Clebsch variables has
vanishing helicity, i.e., such a fluid configuration has trivial topology and no
links or knots. Thus, topological interesting configurations such as the ones
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Space Action of Chern class Secondarytopological class
Hydrodynamics C∞(M, F) Diffµ(M) 0 (total vorticity)in H2(M,Z)
Circulations
in H1(M,R)
Lagrangian
embeddings C
∞(L,M) Diffµ(L) Torsion classin H2(M,Z)
Liouville class
in H1(M,R)
Kähler geometry Γ∞(LM ×Sp Sp/U) Diffω(M) c1(M) ∪ [ω]
n−1
in H2n(M,Z)
Quantomorphism Γ∞(P ×U(1) C) AutΓ(P) trivial
Gauge theory C(P) Aut(P) Torsion classin H2n(M,Z)
Table 1: Overview of the examples discussed in Chapter 4. Here, µ is a volume form
and ω a symplectic form. Moreover, Q → M denotes a prequantum circle bundle
with connection Γ and P → M is an arbitrary principal G-bundle. The frame bundle is
denoted by LM. We also abbreviated the homogeneous space Sp(2n ,R)/U(n) by Sp/U.
constructed in [EP12] cannot be written in terms of classical Clebsch variables.
Our more general framework allows to construct generalized Clebsch variables
for vector fields with integral helicity; see Subsection 4.1.1.
When applied to the space of Lagrangian immersions, the group-valued
momentum map recovers the Liouville class as the conserved topological data.
Moreover, we realizemoduli spaces of Lagrangian immersions (andmodifications
thereof) as symplectic quotients (reduced spaces).
A wide range of interesting examples with geometric significance are obtained
when the typical fiber F is a symplectic homogeneous space G/H. In this case,
sections of LM ×G F correspond to reductions of the G-frame bundle LM to
H. Special focus is put on the space of almost complex structures compatible
with a given symplectic structure, i.e., F  Sp(2n ,R)/U(n). In this case, the
group-valued momentum map for the group of symplectomorphisms assigns to
an almost complex structure the anti-canonical bundle. It was already observed
by Donaldson [Don97] and Fujiki [Fuj92] that the Hermitian scalar curvature
furnishes a classical momentum map for the action of the group of Hamiltonian
symplectomorphisms. Of course, the Hermitian scalar curvature is the curvature
of the anti-canonical bundle. Thus, the group-valued momentum map combines
the geometric curvature structure with the topological data of the anti-canonical
bundle. For the case of a 2-dimensional base manifold, we realize the Teichmüller
moduli space with the symplectic Weil–Petersson form as a symplectic orbit
reduced space.
Finally, we revisit the classical gauge theoretic setting of Atiyah and Bott [AB83]
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and extend their work in two ways. First, we generalize from 2-dimensional
surfaces to arbitrary symplectic manifolds M as the base (a similar extension
was already discussed by Donaldson [Don87]). Secondly, we investigate the
group-valued momentum map for the action of the full automorphism group on
the space of connections. The existence of the momentum map for this action is
tightly connected to the triviality of a certain class in H3(M,Z) that is canonically
constructed from the symplectic structure and the principal G-bundle.
We emphasize that, in contrast to most papers discussing infinite-dimensional
symplectic geometry, we do not work formally, but really address the functional
analytical problems arising from the transition to the infinite-dimensional setting.
In particular, smoothness of maps between infinite dimensional manifolds is
understood in the sense of locally convex spaces as, for example, presented in
[Nee06].
Throughout the paper, integrality of certain symplectic forms plays a central
role. We remark that, to a large extent, this assumptionwasmade for convenience.
Most results carry over directly to symplectic forms with discrete period groups
perω ⊆ R, without much technical effort. In spirit, our results also hold in the
general setting without any assumptions on the period group; however, then one
is forced to work in the diffeological category because the quotient R/perω may
no longer be a Lie group.
Finally, we note that most of our symplectic reduced spaces are obtained as
(sometimes singular) orbit reduced spaces, a theory that is not yet present in
the literature for infinite dimensional systems, even though we state theorems
using it. However, the techniques in [Die19] which completely treats infinite
dimensional singular symplectic point reduction, combined with the strategy
in [OR03] for finite dimensional singular symplectic orbit reduction, yields a
general theory of infinite dimensional singular symplectic orbit reduction, which
is precisely what is needed here. In the interest of the focus of this paper, as well
as its length, this theory will be presented in a future article.
Structure of the paper Starting from the Poisson setting, Chapter 2 introduces
the notion of a group-valued momentum map. It is shown that this generalized
momentum map still satisfies Noether’s theorem. Moreover, existence and
uniqueness questions are addressed. Section 2.6 prepares the calculation of
the momentum map for the automorphism group by giving a construction of
the momentum map for a group extension (to the best of our knowledge, this
construction is original, even for classical momentum maps). In Chapter 3, the
symplectic geometry of the space of sections of a symplectic fiber bundle is
discussed. First, the momentum map for the gauge group is determined in
Subsection 3.2.1 and then for the group of volume-preserving diffeomorphisms,
culminating in Theorem 3.3. The momentum map for the group of symplec-
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tomorphisms, given in Theorem 3.7, is obtained by viewing it as a subgroup
of the volume-preserving diffeomorphisms. Finally, Chapter 4 discusses the
applications outlined above.
For the convenience of the reader, in Appendix A we summarize the notations
and conventions from tensor calculus, symplectic and Poisson geometry, etc.,
in force throughout this article. In Appendix B and Appendix D, we recall
the main properties of fiber integration and differential characters, respectively.
The only original work in the appendices is Proposition D.3, Appendix C, and
Appendix D.3, where we calculate the derivative of the pull-back map and
generalize the hat product of [Viz11] to fiber bundles and differential characters,
respectively.
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2 Group-Valued Momentum Maps
In order to handle the full groups of volume-preserving diffeomorphisms or
symplectomorphisms, we need a more general concept of a momentum map.
Our starting point is the notion of a momentum map in Poisson geometry as
introduced by Lu and Weinstein [Lu90; LW90]. We hasten to add that this
group-valued momentum map is not built on the pattern from the theory of
quasi-Hamiltonian actions and shall comment on the relation between the two
later on. Standard definitions and terminology, with the specification of sign and
coefficient conventions, are recalled in Appendix A.
2.1 Poisson Lie group momentum maps
All manifolds and Lie groups occurring in this subsection are assumed to be
finite-dimensional. The proofs of the statements below can be found in [Lu90;
LW90].
A Lie group G is a Poisson Lie group if it is simultaneously a Poisson manifold
(relative to the underlying manifold structure) such that group multiplication
and inversion are Poisson maps. Let $G ∈ X2(G) denote the Poisson tensor of
G. Let (M, $M) be a Poisson manifold. A Poisson action of the Poisson Lie group
G on (M, $M) is a smooth (left) action G × M → M which is, in addition, a
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Poisson map (with G ×M endowed with the product Poisson structure $G × $M ,
i.e., the Poisson bracket of two functions depending only on G is given by the
Poisson bracket on G, the Poisson bracket of two functions depending only on M
is given by the Poisson bracket on M, and functions on G Poisson commute with
functions on M).
The Poisson tensor $G of a Poisson Lie group G, with Lie algebra g, necessarily
vanishes at the identity element e ∈ G, which then allows for the definition of
the intrinsic derivative  : g → g ∧ g by (A) .. (LX$G)e , where X ∈ X(G) is an
arbitrary vector field satisfying Xe  A and LX denotes the Lie derivative in
the direction X. The dual map ∗ : g∗ ∧ g∗→ g∗ satisfies the Jacobi identity and
thus endows g∗ with a Lie algebra structure. The unique connected and simply
connected Lie group G∗ whose Lie algebra is g∗ is called the dual group of G.
The Lie group G∗ has a unique Poisson structure $G∗ relative to which G∗ is a
Poisson Lie group such that the intrinsic derivative of $G∗ coincides with the Lie
bracket on g. If G is connected and simply connected, the intrinsic derivative  is
a cocycle which uniquely determines both Poisson Lie tensors $G and $G∗ .
Let G ×M → M be a left Poisson action of the Poisson Lie group (G, $G) on
the Poisson manifold (M, $M), i.e., the left action map G ×M→ M is Poisson. A
smooth map J : M → G∗, if it exists, is called a momentum map of this action if
A∗ + $M
(
·, J∗Al
)
 0, for all A ∈ g. (2.1)
Here, A∗ denotes the fundamental (or infinitesimal generator) vector field on M
induced by the infinitesimal action of A ∈ g, i.e.,
A∗(m) .. d
dt

t0
exp(tA) · m , for all m ∈ M, (2.2)
where g · m denotes the action of g ∈ G on m ∈ M. The second term in (2.1)
is interpreted in the following way. Since g is the dual of g∗ (which is the Lie
algebra of G∗), we may think of A as a linear functional on g∗ and extend it to a
left invariant one-form Al ∈ Ω1(G∗), i.e., (Al)a(v)  〈A, La−1 v〉 for every a ∈ G∗
and v ∈ TaG∗, where La−1 denotes both the left translation by a−1 ∈ G∗ in G∗ and
its tangent map (derivative) on TG∗.
Assume now that the Poisson manifold (M, $M) is symplectic with symplectic
form ω and let us unwind the definition in this case. For any Xm ∈ TmM we have
ωm(A∗m ,Xm)  ($M)m
( (
$]M
)−1A∗m , ($]M )−1Xm) (2.1) −( J∗Al )m(Xm)
 −AlJ(m)
(
Tm J(Xm))  −〈A, LJ(m)−1 Tm J(Xm)〉
 −〈A, (δJ)m(Xm)〉,
(2.3)
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where Tm J : TmM → TJ(m)G∗ is the derivative (tangent map) of J : M → G∗ and
δJ ∈ Ω1(M, g∗), defined by the last equality, is its left logarithmic derivative.
Note that the identity ωm(A∗m ,Xm) + 〈A, (δJ)m(Xm)〉  0 proved in (2.3) does
not use the fact that G is a Poisson Lie group. Indeed, this identity still makes
sense if the momentummap is replaced by a smooth map J : M→ H with values
in an arbitrary Lie group H, as long as there is a duality between the Lie algebras
of G and H. This observation leads to our generalization of Lu’s momentum
map. In order to define this generalization, we need a few preliminary concepts
that are inspired by their counterparts in the theory of Poisson Lie groups.
2.2 Dual pairs of Lie algebras
A dual pair of Lie algebras (not necessarily finite-dimensional) consists of two Lie
algebras g and h, which are in duality through a given (weakly) non-degenerate
bilinear map κ : g × h→ R. Using notation stemming from functional analysis,
we often write the dual pair as κ(g, h). Intuitively, we think of h as the dual vector
space of g, endowed with its own Lie bracket operation. For this reason, we often
denote g∗ .. h, even though g∗ is not necessarily the functional analytic dual of g.
Two Lie groups G and H are said to be dual to each other if there exists a (weakly)
non-degenerate bilinear form κ : g × h→ R relative to which the associated Lie
algebras are in duality. We use the notation κ(G,H) in this case. As for Lie
algebras, we often write G∗ .. H, intuitively thinking of G∗ as the dual Lie group,
as in the theory of Poisson Lie groups ([LW90]).
Note that the notion of a dual pair of Lie algebras involves only the underlying
vector spaces, while the Lie brackets play no role. We introduce a more rigid
concept of duality, which takes all structures into account. For a given dual pair
κ(g, h) of Lie algebras, define a bilinear skew-symmetric bracket on the double
d .. g × h by
[(A, µ), (B, ν)]  ([A, B]g − ad∗µ B + ad∗ν A, [µ, ν]h − ad∗A ν + ad∗B µ), (2.4)
for A, B ∈ g, µ, ν ∈ h, where the infinitesimal coadjoint actions are defined with
respect to κ by1
κ(B, ad∗A µ)  κ([A, B]g , µ),
κ(ad∗µ A, ν)  κ(A, [µ, ν]h). (2.5)
However, the bracket operation defined in (2.4) does not satisfy the Jacobi
identity, in general. A dual pair κ(g, h) of Lie algebras is called a Lie bialgebra, if
1 In infinite dimensions, equation (2.5) ensures only uniqueness of the adjoints but not their
existence. In the sequel, we always assume that the coadjoint actions exist.
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the bracket (2.4) on d  g × h is a Lie bracket. In this case, we denote the double
by g ./ h. The notation displays the similarity to the semidirect product but also
emphasizes that the bracket on g × h uses both the adjoint actions of g and h.
Example 2.1 Let κ(g, h) be a dual pair. Assume that h is an Abelian Lie algebra.
Then (2.5) implies that the coadjoint action ad∗µ : g→ g is trivial for every µ ∈ h.
Hence the bracket on the double d simplifies to
[(A, µ), (B, ν)]  ([A, B]g ,− ad∗A ν + ad∗B µ). (2.6)
Thus, d is the semidirect product g oad∗ h of Lie algebras, where g acts on h by the
κ-coadjoint action (2.5). Furthermore, the Jacobi identity always holds and thus
κ(g, h) is a Lie bialgebra. ♦
Example 2.2 (Group of volume-preserving diffeomorphisms) Let M be a com-
pact manifold endowed with a volume form µ. Then the group G  Diffµ(M)
of volume-preserving diffeomorphisms is a Fréchet Lie group, see [Ham82,
Theorem 2.5.3]. Its Lie algebra consists of µ-divergence-free vector fields X on M.
Equivalently,
g  Xµ(M)  {X ∈ X(M) | d(X µ)  0}, (2.7)
where d denotes the exterior derivative on forms and X µ .. iXµ is the interior
product (contraction on the first index) of X with µ. Hence, we also identify
Xµ(M) with ΩdimM−1cl (M) via X 7→ X µ, where Ωkcl(M) denotes the space of
closed k-forms on M. Thus Ω1(M)/dΩ0(M) is the regular dual with respect to
the weakly non-degenerate integration paring
κ(X, α) .. (−1)dimM−1
∫
M
(X µ) ∧ α 
∫
M
(X α) µ. (2.8)
We now note that a 1-form α can be interpreted as a trivial principal circle bundle
with curvature dα. From this point of view,Ω1(M)/dΩ0(M) parametrizes gauge
equivalence classes of connections on a trivial principal circle bundle. Thus, it is
natural to think of it as the Lie algebra of the Abelian group H .. Hˆ2(M,U(1)) of
all principal circle bundles with connections, modulo gauge equivalence. This
heuristic argument can be made rigorous using the theory of Cheeger–Simons
differential characters; see Appendix D for a quick review. In summary, we get a
dual pair κ(Diffµ(M), Hˆ2(M,U(1))) of Lie groups. For later use, it is convenient
to introduce the notation hˆ2(M,U(1)) for the Lie algebra Ω1(M)/dΩ0(M) of
Hˆ2(M,U(1)). ♦
Example 2.3 (Group of symplectomorphisms) Consider a compact symplectic
manifold (M, ω). The group G  Diffω(M) of symplectomorphisms is a Fréchet
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Lie group [KM97, Theorem 43.12.] with Lie algebra
g  Xω(M)  {X ∈ X(M) | d(X ω)  0}. (2.9)
The map X 7→ X ω identifies g with the space Ω1cl(M) of closed 1-forms on M.
Thus the regular dual of g with respect to the natural integration paring
κ(X, α) .. (−1)
dimM−1( 1
2 dimM − 1
)
!
∫
M
(X ω) ∧ α (2.10)
is hˆdimM(M,U(1)) .. ΩdimM−1(M)/dΩdimM−2(M). The prefactor in front of the
integral turns out to be a convenient choice in Subsection 3.2.4. Similarly to the
Example 2.2 of volume-preserving diffeomorphisms, the Abelian Lie algebra
hˆdimM(M,U(1)) is integrated by the group HˆdimM(M,U(1)) of Cheeger–Simons
differential characterswith degreedimM. These can be thought of as equivalence
classes of circle n-bundles with connections in the sense of higher differential
geometry. ♦
Remark 2.4 The group of volume-preserving diffeomorphism and the group of
symplectomorphisms both have an Abelian dual group. Thus they fall in the
realm of Example 2.1. In particular, both dual pairs (Xµ(M), hˆ2(M,U(1))) and
(Xω(M), hˆdimM(M,U(1))) are actually Lie bialgebras. Ignoring the particularities
of the infinite-dimensional setting for a moment, Drinfeld’s theorem [ES02, Theo-
rem 2.2.2] states that there are essentially unique connected and simply connected
Poisson Lie groups, whose Lie algebras are Xµ(M) and Xω(M), respectively. We
do not know if the groups Diffµ(M) or Diffω(M) carry a non-trivial Poisson
Lie structure integrating the above Lie bialgebras (this would require to find a
non-trivial integration of the adjoint action, see [Dri93] and [Lu90, Theorem 2.31]).
Moreover, we are not aware of any Poisson Lie structure on these groups, such
that the actions discussed in Chapter 3 are Poisson maps. ♦
Example 2.5 (Gauge group) Let P → M be a right principal G-bundle over the
compact manifold M. The group Gau(P) of gauge transformations is identified
with the space of sections of P ×G G .. (P × G)/G and thus is a Fréchet Lie
group with Lie algebra gau(P)  Γ∞(AdP), the space of sections of the adjoint
bundle AdP .. (P × g)/G, see [CM85]. Denote the dual of the adjoint bundle
by Ad∗P .. (P × g∗)/G, the action of G on g∗ being the left coadjoint action. The
natural pairing
κ(φ, α) 
∫
M
〈φ, α〉, φ ∈ gau(P), α ∈ ΩdimM(M,Ad∗P), (2.11)
identifies ΩdimM(M,Ad∗P) as the regular dual to gau(P). In particular, if M
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is endowed with a volume form µ, then gau∗(P)  Γ∞(Ad∗P) is the dual by
integration against µ:
〈·, ·〉Ad : Γ∞(AdP) × Γ∞(Ad∗P) → R, (φ, %) 7→
∫
M
〈φ, %〉 µ. (2.12)
Moreover, an AdG-invariant non-degenerate bilinear form on g identifies gau∗(P)
with gau(P) so that gau(P) is self-dual in this case. ♦
2.3 Group-valued momentum maps
With these preliminaries out of the way, we can introduce our generalization of a
group-valued momentum map.
Definition 2.6 Let M be G-manifold endowed with a symplectic form1 ω.
Agroup-valued momentum map is a pair (J, κ), where κ(G,G∗) is a dual pair of Lie
groups and J : M → G∗ is a smooth map satisfying
A∗ ω + κ(A, δJ)  0, A ∈ g. (2.13)
In this formula, A∗ denotes the fundamental vector field on M induced by A ∈ g,
δJ ∈ Ω1(M, g∗) is the left logarithmic derivative of J, g is the Lie algebra of G, and
g∗ is the Lie algebra of G∗. ♦
Example 2.7 (As a generalization of the usual momentum map) Let (M, ω) be a
finite-dimensional, symplectic G-manifold. We view G∗  g∗ as an Abelian group
and consider the natural pairing κ : g × g∗ → R. Thus a g∗-valued momentum
map is a smooth map J : M → g∗ satisfying the usual relation
A∗ ω + dJA  0, A ∈ g, (2.14)
where JA : M→ R is definedby JA(m)  κ (A, J(m)) form ∈M, anddJA  κ(A, δJ)
holds as a consequence of the Abelian character of g∗. ♦
Example 2.8 (As a generalization of the Lie algebra-valued momentum map) If
κ : g × g→ R is a continuous, weakly non-degenerate, AdG-invariant symmetric
bilinear form, one identifies the dual g∗ with g and the coadjoint orbits with
adjoint orbits. In view of Example 2.7, we are led to the concept of a Lie algebra-
valued momentummap. Although this notion has been in the literature since the
mid 70s, it was recently formalized by Neeb, Sahlmann, and Thiemann [NST14,
Definition 4.3]: a Lie algebra-valued momentummap is a smooth map J : M→ g
1 We do not require the symplectic form ω to be invariant under the group action. In fact, we will
see below in Lemma 2.14 that this will not be the case if the dual group H is non-Abelian.
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such that, for all A ∈ g, the component functions JA  κ(A, J) : M → R satisfy
A∗ ω + dJA  0. (2.15)
It is immediate from the definition, that such a Lie algebra-valued momentum
map can be regarded as a group-valued momentum map with respect to the
dual pair κ(G, g), where g is viewed as an Abelian Lie group. ♦
Example 2.9 (As a generalization of the Poisson momentum map) We now
describe how our motivational example fits in the new framework. Let (M, ω) be
a finite-dimensional symplectic manifold. Suppose a finite-dimensional Poisson
Lie group G acts on M such that the action is Poisson. The Poisson structure of
G induces a Lie bracket on the dual g∗ of the Lie algebra [Lu90, Theorem 2.18].
Let G∗ denote the unique connected and simply connected Lie group integrating
the Lie algebra g∗. As above, let κ be the natural pairing g × g∗ → R. Hence a
G∗-valued momentum map is a smooth map J : M → G∗ satisfying
A∗ ω + κ(A, δJ)  0. (2.16)
As we have explained above, this equation is a reformulation of the usual Lu
momentum map relation in the context of symplectic geometry, see (2.3). In
other words, our group-valued momentum map is the natural generalization of
the Poisson momentum map if the Lie group G is not necessarily a Poisson Lie
group. ♦
Example 2.10 (As a generalization of the circle-valued momentum map) Con-
sider a symplectic manifold (M, ω) with a symplectic action of G  U(1). We let
G∗  U(1) and take (minus) the Killing form κ : u(1) × u(1) → R as the pairing
between the Lie algebras of G and G∗, i.e., κ(x , y)  xy is the usual multiplication
of real numbers under the identification u(1) ' R. Thus, a map J : M → U(1) is a
group-valued momentum map if and only if
1∗ ω + δJ  0. (2.17)
In this way, we recover the usual definition of a circle-valued momentum map
(see, for example, [PR12, Definition 1]). ♦
Example 2.11 (Symplectic torus) Consider a symplectic vector space (V, ω).
Let Λ be a lattice in V , i.e., a discrete subgroup of the additive group V . The
symplectic structure is invariant under the natural action ofΛ onV by translations
and hence it descends to a symplectic form ωT on the torus T  V/Λ. Moreover,
the translation action of V on itself commutes with the lattice action and thus
induces a symplectic V-action on T. The action of V on itself has the momentum
map
J : V → V∗, v 7→ ω(v , ·). (2.18)
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However, J is not invariant under the lattice action and so does not descend
to a momentum map for the induced action of V on the torus T. Indeed, it is
well-known that, for cohomological reasons, the symplectic action on the torus
does not admit a standard momentum map. Rather, J transforms as
J(v + λ)  J(v) + ω(λ, ·), λ ∈ Λ. (2.19)
Thus, if ω(λ1, λ2) ∈ Z holds for all λ1, λ2 ∈ Λ, then J is equivariant with respect
to the dual lattice action
Λ∗  {α ∈ V∗ | α(λ) ∈ Z for all λ ∈ Λ}. (2.20)
In this case, J induces a V∗/Λ∗-valued momentum map JT on the torus T. It is
interesting to note that the integrality condition ω(λ1, λ2) ∈ Z is equivalent to
ωT being prequantizable. ♦
Example 2.12 (As a generalization of the cylinder-valued momentum map)
In a finite-dimensional context, Condevaux, Dazord, and Molino [CDM88]
introduced a momentum map with values in the cylinder C .. g∗/H, where H is
the holonomy group of a flat connection on some bundle constructed in terms of
the symplectic form and the action (in our language, α defined in (2.22) below
plays the role of the connection form). If the holonomy group H is discrete,
then C is a Lie group with Lie algebra g∗. Thus C is a dual group. Under the
identification of the Lie algebra c  g∗, the cylinder-valued momentum map
also satisfies (2.13), see [OR03, Theorem 5.2.8], and hence is a group-valued
momentum map. The group-valued momentum map for the symplectic torus
discussed in Example 2.11 is also the cylinder-valuedmomentummap, see [OR03,
Example 5.2.5].
The case when the holonomy group H ⊆ g∗ has accumulation points is patho-
logical both in the framework of cylinder- as well as group-valued momentum
maps, see Example 2.17 and cf. [OR03, Example 5.2.6]. ♦
As we have seen, the notion of a group-valued momentum map unifies many
different concepts of momentum maps. Despite its general nature, a group-
valued momentum map still captures conserved quantities of the dynamical
system, i.e., it has the Noether property (see [OR03, Definition 4.3.1]).
Proposition 2.13 (Noether’s theorem) Let (M, ω) be symplectic G-manifold. As-
sume that the action has a G∗-valued momentum map J : M→ G∗. Let h ∈ C∞(M) be a
smooth function for which the Hamiltonian vector field Xh exists and has a unique local
flow1. If h is G-invariant, then J is constant along the integral curves of Xh . ♦
1 Recall that vector fields on Fréchet manifolds do not need to have flows. Having a flow is more
or less equivalent to local in time solutions of the corresponding partial differential equation.
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Proof. Let A ∈ g and m ∈ M. Using the defining equation for the momentum
map, we have
κ(A, (δJ)mXhm)  −ωm(A∗m ,Xhm)  −(dh)mA∗m
 − ddε
0h(exp(εA) · m)  0
(2.21)
by G-invariance of h. Since A ∈ g is arbitrary and the pairing κ is weakly
non-degenerate, we conclude (δJ)Xh  0. Hence, J is constant along integral
curves of Xh . 
2.4 Existence and uniqueness
Let (M, ω) be a symplectic manifold. For a given G-action on M and a fixed dual
pair κ(G,G∗) of Lie groups, we will now search for conditions which ensure the
existence of a G∗-valued momentum map.
Define a g∗-valued 1-form α ∈ Ω1(M, g∗) by A∗ ω + κ(A, α)  0, that is,
κ(A, αm(Xm))  ωm(Xm ,A∗m) for all Xm ∈ TmM,A ∈ g. (2.22)
In infinite dimensions, the dual pairing κ is often not strongly non-degenerate.
In such cases, there might not exists α ∈ Ω1(M, g∗) satisfying (2.22), although α
is unique, if it exists. We will assume for the rest of the subsection, that we have
such an α.
By (2.13), the G-action on M admits a G∗-valued momentum map if and only
if α ∈ Ω1(M, g∗) defined by (2.22) is log-exact, i.e., if α  δ J for some smooth
function J : M→ G∗. A necessary condition is that α satisfies the Maurer–Cartan
equation, as the next lemma shows. Below, [α ∧ β]means the wedge product of
the g∗-valued forms α and β on M associated to the bracket operation on g∗ (as
the Lie algebra of G∗).
Lemma 2.14 (Corresponds to [Lu90, Theorem 3.7])
(i) The g∗-valued one-form α on M defined by (2.22) satisfies the Maurer-Cartan
equation
dα + 12[α ∧ α]  0 (2.23)
if and only if LA∗ω  12κ(A, [α ∧ α]) holds for all A ∈ g.
(ii) If the G-action on M admits a G∗-valued momentum map J : M → G∗, then
δ J ∈ Ω1(M, g∗) satisfies the Maurer-Cartan equation (2.23). ♦
If the form α ∈ Ω1(M, g∗) defined by (2.22) exists and satisfies the Maurer-
Cartan equation (2.23), then we say that the G-action on (M, ω) is G∗-symplectic.
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For Abelian G∗, the notions of symplectic and G∗-symplectic group actions
coincide.
Proof. (i) For A ∈ g and X,Y ∈ X(M), we calculate
(LA∗ω)(X,Y)  d(A∗ ω)(X,Y)
 X(ω(A∗,Y)) − Y(ω(A∗,X)) − ω(A∗, [X,Y])
(2.22)
 −κ (A,X(α(Y)) − Y(α(X)) − α([X,Y]))
 −κ(A, (dα)(X,Y)),
(2.24)
which is equivalent to LA∗ω + κ(A, dα)  0, from which the claim follows.
(ii) If the G-action admits a G∗-valued momentum map J : M → G∗, then δ J
satisfies the Maurer-Cartan equation (2.23) if and only if LA∗ω + κ(A, dδ J)  0, as
we just showed in (i). This identity is obtained by taking the exterior derivative
of the defining relation (2.13). 
Although, at first glance, it may seem unnatural to consider momentum maps
for actionswhich do not leave the symplectic form invariant, we remind the reader
that this is also the case in the Poisson category. There, the actionΥ : G×M→ M
is a Poisson map, while for fixed g ∈ G the map Υg : M → M might not preserve
the Poisson structure. If one restricts attention to objects invariant under the
action, then non-closed almost symplectic structures have to be considered. In
other words, this path leads to quasi-Hamiltonian systems [AMM98; HJ94].
Example 2.15 (Poisson Lie Momentum Map [FR96]) A Poisson action of a
non-Abelian Poisson Lie group on a symplectic manifold, even if it admits a
momentum map (see Example 2.9), never preserves the symplectic form. For
example, consider the Poisson Lie group SU(n) endowed with the Lu-Weinstein
Poisson structure. Its dual Poisson Lie group is B .. AN, where A is the
subgroup of positive diagonal matrices, N is the subgroup of complex triangular
matrices with 1 on the diagonal, both viewed as real subgroups of SL(n ,C),
also viewed as a real Lie group. Thus, B has a natural Poisson Lie group
structure whose symplectic leaves are the sets Σλ of matrices with fixed singular
values λ .. {λ1 ≥ · · · ≥ λn > 0} (the dressing orbits). The Lie group SU(n)
acts on the symplectic manifold Σλ × Σµ in a Poisson fashion and admits the
momentum map J : Σλ × Σµ 3 (b1, b2) 7→ b1b2 ∈ B. The Poisson action is given
in the following way. First, one shows that if b1 ∈ Σλ, b2 ∈ Σµ, and b1b2 ∈ Σν,
then there exists b3 ∈ Σλ, b4 ∈ Σµ such that b3b4  diag(ν1, . . . , νn). Second,
since b1b2 ∈ Σν, there exist k1, k2 ∈ SU(n) such that k1b1b2k2  diag(ν1, . . . , νn).
With these notations, the aforementioned Poisson action of SU(n) on Σλ × Σµ is
given by k−12 · (b1, b2) .. (b3, b4). See [FR96] for the proofs of these statements
and their link to a convexity theorem for compact Poisson Lie group actions on
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compact connected symplectic manifolds. In this case, the theorem states that
J(Σλ × Σµ) ∩ A+ is the exponential of a convex polytope, where A+ denotes the
set of elements of A with decreasingly ordered entries. ♦
Returning to the existence and uniqueness question, recall that the Maurer–
Cartan theory involves also a topological obstruction for the existence of a
primitive for α in the form of the so-called period homomorphism [Nee06,
Theorem III.1.2]. To strengthen Lemma 2.14 in terms of the period map, we
need to recall the notion of a regular Lie group (see [Nee06, Definition II.5.5]).
A Lie group G modeled on a locally convex space is regular if for each curve
c ∈ C∞([0, 1], g), the initial value problem δη(t) .. Lη(t)−1 Ûη(t)  c(t), η(0)  e,
formulated in terms of the left logarithmic derivative δη of η, has a solution
ηc ∈ C∞([0, 1],G) and the endpoint evaluation map C∞([0, 1], g) 3 c 7→ ηc(1) ∈ G
is smooth. If G is regular, then it has a smooth exponential function. All Banach
(so, in particular, all finite dimensional) Lie groups are regular.
Fix a point m0 ∈ M and consider a piece-wise smooth loop γ : I → M based at
m0. The pull-back of α ∈ Ω1(M, g∗) by γ is a g∗-valued 1-form γ∗α on I. Denote
by ηγ ∈ C∞(I ,G∗) the solution of the initial value problem
δη  γ∗α, η(0)  e , (2.25)
which exists if G∗ is regular. Evaluating ηγ at the endpoint 1, we obtain the
period homomorphism perα : pi1(M,m0) 3 [γ] 7→ ηγ(1) ∈ G∗, where [γ] is the
homotopy class of the loop γ.
Proposition 2.16 Let (M, ω) be a connected symplectic manifold and κ(G,G∗) a dual
pair of Lie groups. In infinite dimensions, we additionally assume that G∗ is a regular
Lie group. Let G act on M in a G∗-symplectic way. Then there exists a G∗-valued
momentum map if and only if the period homomorphism perα : pi1(M,m0) → G∗ is
trivial. Moreover, the momentum map is unique up to translation by a constant element
h ∈ G∗. ♦
Proof. This proposition follows directly from Lemma 2.14 and the general funda-
mental theorem for Lie group-valued functions [Nee06, Theorem III.1.2.].
For the convince of the reader, we quickly sketch how the period homomor-
phism enters the game. Recall that an ordinary closed 1-form has a local primitive
by the Poincaré lemma. The Maurer–Cartan equation (2.23) replaces the role
of closedness for Lie algebra-valued 1-forms. Since the action is G∗-symplectic,
the solution α of (2.22) satisfies (2.23) by Lemma 2.14. Hence, on connected
and simply connected domains, a G∗-valued momentum map exists. If M is
not simply connected, then we pull back everything to the universal covering
M˜ → M and obtain a lifted primitive J˜ : M˜ → G∗. A simple calculation reveals
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that J˜ is equivariant with respect to perα, i.e.,
J˜([γ] · m˜)  perα([γ]) · J˜(m˜), m˜ ∈ M˜, [γ] ∈ pi1(M,m0). (2.26)
Thus J˜ drops to M if and only if the period homomorphism is trivial. 
Example 2.17 A slight modification of Example 2.11 yields a symplectic group
action without a group-valued momentum map. Let M  T2  (R/Z)4 be the
product of two tori and denote its elements by 4-tuples (ϕ1, ϕ2, ψ1, ψ2). Endow
M with the symplectic form
ω  dϕ1 ∧ dϕ2 +
√
2 dψ1 ∧ dψ2. (2.27)
The circle action given by λ · (ϕ1, ϕ2, ψ1, ψ2)  (ϕ1 − λ, ϕ2, ψ1 − λ, ψ2) is clearly
symplectic. The 1-form α defined by equation (2.22) becomes
α  dϕ2 +
√
2 dψ2. (2.28)
As the generators of pi1(M)we take the four natural loops γi , where, for 1 ≤ i ≤ 4,
the loop γi : I → M winds once around the i-th circle in M  (R/Z)4. The
pull-back of α by γ1 and γ3 vanishes and we find
γ∗2α  dt and γ∗4α 
√
2 dt , (2.29)
where t denotes the canonical variable in I  [0, 1]. Since there are only two
connected one-dimensional Lie groups, the only possible choices for the dual
group are G∗  R and G∗  R/Z. In both cases, the initial value problem (2.25)
has the unique solutions ηγ2(t)  t and ηγ4(t) 
√
2t. Thus neither for G∗  R nor
for G∗  R/Z the period homomorphism is trivial and hence no group-valued
momentum map exists for this action.
This example exhibits another phenomenon that is particular for group-valued
momentum maps: the action of a subgroup may not posses a group-valued
momentummap even if the bigger group has a group-valuedmomentummap. In
fact, the action (λ1, λ2) · (ϕ1, ϕ2, ψ1, ψ2)  (ϕ1−λ1, ϕ2, ψ1−λ2, ψ2) byG  S1×S1
has a group-valued momentum map (which is the product of two copies of the
one discussed in Example 2.11) but the action of the diagonally embedded circle
has no group-valued momentum map as we have just seen. ♦
2.5 Equivariance and Poisson property
Fix a dual pair κ(G,G∗) of Lie groups. Let G act on the symplectic manifold
(M, ω) such that the action has a group-valued momentum map J : M → G∗. A
natural question to ask is in which sense J is equivariant. For classical momentum
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mapswith values in g∗, the equivariance of interest is with respect to the coadjoint
action. Before we give the definition of the analogue of the coadjoint action in
the group-valued setting, let us recall a few basic notations and conventions; see
Appendix A for details. The coadjoint action of G on g∗ is defined with respect to
the duality pairing κ by1 κ(A,Ad∗g µ)  κ(Adg A, µ) for g ∈ G, A ∈ g and µ ∈ g∗.
The coadjoint action of G∗ on g is similarly defined and will be denoted by Ad∗ as
well. For an action Υ : G × G∗→ G∗, we introduce the partial maps Υg : G∗→ G∗
and Υη : G→ G∗ by Υg(η) ≡ Υη(g) ≡ Υ(g , η) for g ∈ G and η ∈ G∗.
Definition 2.18 A coconjugation action on the dual pair κ(G,G∗) is a pair (Υ,Υ∗)
consisting of a left actionΥ : G×G∗→ G∗ ofG onG∗ and a left actionΥ∗ : G∗×G→
G of G∗ on G which integrate the coadjoint actions in the sense that Υg(e)  e,
Υ∗η(e)  e and
TeΥg(µ)  Ad∗g−1 µ, TeΥ∗η(A)  Ad∗η−1 A (2.30)
holds for all g ∈ G, η ∈ G∗, µ ∈ g∗, and A ∈ g. If, moreover,
Υg(η1η2)  Υg(η1)ΥΥ∗
η−11
(g)(η2), Υ∗η(g1g2)  Υ∗Υg2 (η−1)−1(g1)Υ
∗
η(g2) (2.31)
for all g1, g2 ∈ G and η1, η2 ∈ G∗, then we say that the tuple (G,G∗,Υ,Υ∗) (or
shortly (Υ,Υ∗)) is a coconjugation matched pair. ♦
A pair of groups endowed with two actions on each other that are compatible
in the sense of (2.31) is called a matched pair of groups. The notion of a matched
pair of groups appears in [Tak81, Section 2] and has been connected to the theory
of Poisson Lie groups in [LW90; Maj90]. The compatibility condition (2.31) allows
to define a (non-trivial) Lie group structure on the product G × G∗ by
(g1, η1) · (g2, η2)  (g1Υ∗η1(g−12 )−1,Υg−12 (η−11 )−1η2) , (2.32)
see [Tak81, Proposition 2.2]. Conversely, every factorization D  GG∗ of a Lie
group D into two Lie subgroups G and G∗ with G ∩ G∗  {e} yields actions of G
and G∗ on each other that satisfy (2.31) by declaring
ηg−1 
(
Υ∗η(g)
)−1 (
Υg(η−1))−1 ∈ GG∗. (2.33)
The class of coconjugation matched pairs is rather rigid, especially if one of
the coconjugation actions is predetermined.
Lemma 2.19 Let κ(G,G∗) be a dual pair of Lie groups with a matched pair (Υ,Υ∗). If
Υ˜ : G × G∗→ G∗ is another action of G on G∗ such that (Υ˜,Υ∗) forms a coconjugation
1 In infinite dimensions, κ is, in general, only weakly non-degenerate and thus this relation only
ensures uniqueness of Ad∗ but not its existence. In the sequel, we assume that Ad∗ exists.
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matched pair, then there exists a map c : G × pi0(G∗) → G∗ with c(g , [e])  e such
that Υ˜(g , η)  c(g , [η])Υ(g , η). In particular, if G∗ is connected, then coconjugation
actions Υ compatible with Υ∗ are unique. ♦
Proof. Using the defining properties (2.30) and (2.31), for g ∈ G, η ∈ G∗ and
µ ∈ g∗, we calculate
TηΥg(η . µ)  ddε
0Υg(ηµε)  ddε
0Υg(η)ΥΥ∗η−1 (g)(µε)  Υg(η) . (Ad∗Υ∗η−1 (g)−1 µ) ,
(2.34)
where ε 7→ µε is a curve in G∗ starting at the identity with ddε

0
µε  µ. A similar
result holds, of course, also forΥ replaced by Υ˜. In particular, the left-logarithmic
derivatives of Υg : G∗ → G∗ and Υ˜g : G∗ → G∗ coincide for every g ∈ G. The
uniqueness lemma for Lie group-valued functions [Nee06, Remark II.3.6.(c)]
hence implies that on every connected component of G∗ the maps Υg and Υ˜g
differ by a constant. Thus, there exists a map c : G × pi0(G∗) → G∗ such that
Υ˜(g , η)  c(g , [η])Υ(g , η). Finally, Υ˜(g , e)  e  Υ(g , e) implies c(g , [e])  e. 
Example 2.20 Let G be a Lie group with Lie algebra g and let κ(g, g∗) be a dual
pair of (locally convex) vector spaces. Considering g∗ as an Abelian Lie group,
we obtain the dual pair κ(G, g∗) of Lie groups. Then the coadjoint representation
Υ(g , µ)  Ad∗g−1 µ and the trivial action Υ∗(µ, g)  g form a coconjugation
matched pair on κ(G, g∗). ♦
Since g∗ is connected, the previous proposition implies that the coadjoint
representation is the only coconjugation action compatible with the trivial action
of g∗ on G. However, there are interesting examples where the dual group does
not act trivially.
Example 2.21 Let D be a finite-dimensional connected complex semisimple Lie
group and let K be its compact real form. Consider the Iwasawa decomposition
D  KAN and set B  AN. Then B is a (solvable) Lie subgroup of D with
Lie algebra b. Let prK : D → K and prB : D → B be the natural projections,
and prk : d→ k and prb : d→ b be the associated projections on the level of Lie
algebras. By (2.33), the decomposition D  KB induces the following actions:
Υk(b)  prB(b−1k−1)−1, Υ∗b(k)  prK(bk−1)−1. (2.35)
Going back to the construction of the Iwasawa decomposition, one can show that
k and b are isotropic subspaces of d relative to Im κd, see [LW90, p. 520]. Thus,
we obtain a dual pair κ(K, B) of Lie groups. We have TeΥk(µ)  prb(Adk µ) and
TeΥ∗b(A)  prk(Adb A) for µ ∈ b and A ∈ k. These identities show that the actions
integrate the coadjoint actions and thus (Υ,Υ∗) is a coconjugation action on
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κ(K, B). As D  KB is a decomposition in subgroups, (Υ,Υ∗) is a coconjugation
matched pair. ♦
Recall that, in the classical setting G∗ ≡ g∗, the coadjoint action is closely
connected to the natural Poisson structure of Kostant–Kirillov–Souriau. Moreover,
the Cartan and Iwasawa decompositions are well-known constructions in the
theory of Poisson Lie groups. Thus, one would expect a close interplay between
coconjugation actions and Poisson structures. As we will see, this is indeed the
case.
Poisson structures in infinite dimensions need to be treated with caution. For
example, according to [BGT18] not every Poisson bracket is induced by a Poisson
bivector field. We refer the reader to [NST14] for a recent discussion of the
problems concerning infinite-dimensional Poisson geometry. In the present case,
we can use the group structure to circumvent most of these issues. Let us start by
recalling the necessary terminology and notation from the finite-dimensional
theory of Poisson Lie groups. LetH be a finite-dimensional Lie group, h be its Lie
algebrawithdual h∗. We recall that for a smoothmap F : M→ H the left logarithmic
derivative is the h-valued 1-form δF on M defined by δmF(X)  F(m)−1 . TmF(X)
for X ∈ TmM. In the following, we also need the concept of the left derivative. This
time, the domain of the map is a Lie group, i.e., we are considering a smooth map
f : H → N. The left derivative TLh f : h→ T f (h)N of f at h ∈ H in the direction
A ∈ h is defined by
TLh f (A) .. Th f (h . A), (2.36)
that is, as the usual derivative T f : TH → TN precomposed with the left trivial-
ization H × h ' TH. In particular, for a real-valued function f : H → R, the left
derivative TLh f : h→ R can be viewed as an element of h∗.
In finite dimensions, a Poisson Lie group is a Lie group H endowed with
a Poisson structure $H ∈ X2(H) such that the multiplication H × H → H is a
Poisson map (with respect to the product Poisson structure on H × H). By [Lu90,
Theorem 2.18], the linearization of $H at the identity e ∈ H induces a Lie bracket
on h∗ by
[A, B]$H  de($H(A¯, B¯)), (2.37)
where A, B ∈ h∗ and A¯, B¯ are arbitrary 1-forms on H with A¯e  A and B¯e  B.
In the left-trivialization TH ' H × h, the bivector field $H is identified with a
smooth map ΛH : H → Λ2h and we have [A, B]$H  Te
(
ΛH(·)(A, B)) .
Let κ(g, h) be a dual pair of finite-dimensional Lie algebras. For every g-
module M, consider the Chevalley–Eilenberg complex Hom(Λ•g,M) consisting
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of continuous alternating multilinear maps λ : Λkg→ M with differential
dCEλ(A1, . . .Ak+1) 
∑
i
(−1)i+1Ai . λ(A1, . . . ıˆ . . .Ak+1)
+
∑
i< j
(−1)i+ jλ([Ai ,A j],A1, . . . ıˆ . . . ˆ . . .Ak+1).
(2.38)
In particular, for M  h with (minus) the coadjoint action, we have
dCEh λ(A1, . . .Ak+1) 
∑
i
(−1)i ad∗Ai λ(A1, . . . ıˆ . . .Ak+1)
+
∑
i< j
(−1)i+ jλ([Ai ,A j],A1, . . . ıˆ . . . ˆ . . .Ak+1).
(2.39)
Moreover, using the identification Hom(Λ•g,R) ' Λ•g∗ ' Λ•h, we can transfer
the Chevalley–Eilenberg differential to Λ•h. Explicitly, it is given by
κ
(
A1 ∧ · · · ∧ Ak+1, dCEg ν
)

∑
i< j
(−1)i+ jκ ([Ai ,A j]g ∧ A1 ∧ · · · ıˆ · · · ˆ · · · ∧ Ak+1, ν) (2.40)
for every ν ∈ Λkh and Ai ∈ g. Moreover, given T ∈ Hom(h,Λ2h) ' g ⊗ Λ2h and
β ∈ Λ2h, we define the contraction T β ∈ Λ3h by
(A ⊗ α) β .. α ∧ (A β)  (A β) ∧ α (2.41)
for A ∈ g and α ∈ Λ2h. Finally, recall that the (algebraic) Schouten–Nĳenhuis
bracket [ · , · ] : Λkh ×Λlh→ Λk+l−1h is defined by
[ν1∧· · ·∧νk , µ1∧· · ·∧µl] 
∑
i , j
(−1)i+ j[νi , µ j]h∧ν1∧· · · ıˆ · · ·∧νk∧µ1∧· · · ˆ · · ·∧µl .
(2.42)
Let us introduce a related bracket as follows. For linear maps φ : Λkg→ h and
ϕ : Λlg→ h, define [φ, ϕ] : Λk+lg→ h by
[φ, ϕ](A) 
∑
σ
(−1)sgn σ
(
φ
(
ad∗ϕ(σl(A)) σk(A)
) − ϕ (ad∗φ(σk(A)) σl(A))
+
[
φ(σk(A)), ϕ(σl(A))
]
h
)
,
(2.43)
where the sum is over (unordered) partitions σ of A ∈ Λk+lg in pairs σk(A) ∈ Λkg
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and σl(A) ∈ Λlg. In particular, for a linear map φ : g→ h, we get
1
2[φ, φ](A, B)  φ
(
ad∗φ(A) B
) − φ (ad∗φ(B) A) + [φ(A), φ(B)]h (2.44)
for all A, B ∈ g.
The following result is the first step towards a reformation of the notion of a
Poisson Lie structure that is suitable for the infinite-dimensional setting.
Proposition 2.22 Let κ(G,H) be a dual pair of finite-dimensional Lie groups. Let
ΛH : H → Λ2h be a smooth map and let $H ∈ X2(H) be the associated bivector field.
Then $H is a Poisson Lie structure on H whose linearization [ · , · ]$H coincides with
the Lie bracket on g ' h∗ if and only if ΛH possesses the following properties:
(i) (multiplicativity) For all η, ζ ∈ H,
ΛH(η ζ)  Adζ−1 ΛH(η) +ΛH(ζ), (2.45)
where Ad denotes the natural extension to Λ2h of the adjoint action of H on h.
(ii) (Poisson property)
dCEg ΛH − 12[ΛH ,ΛH]  0. (2.46)
(iii) (compatibility) For all µ ∈ h and A, B ∈ g,
κ
(
A ∧ B, TeΛH(µ)
)
 κ
([A, B]g , µ) . (2.47)
♦
Note that the Poisson property is reformulated in terms of the purely algebraic
condition (2.46). For the particular case where H is Abelian, (2.46) holds if and
only if ΛH(η) is a 2-cocycle on g for all η ∈ H.
Proof. By [Ale+98, Lemma 4.1], multiplication H × H → H is a Poisson map if
and only if ΛH is multiplicative in the sense that (2.45) holds.
If A¯, B¯ ∈ Ω1(H) are left-invariant extensions of A, B ∈ g ' h∗, then by definition
($H)η(A¯, B¯)  ΛH(η)(A, B) for every η ∈ H. Thus, the Lie bracket on g induced
by $H is given by
κ
([A, B]$H , µ)  κ (de ($H(A¯, B¯)) , µ)  κ (A ∧ B, TeΛH(µ)) . (2.48)
Thus, [ · , · ]$H coincides with the original Lie bracket on g if and only if (2.47)
holds.
By [Ale+98, Proposition 3.4], the Schouten–Nĳenhuis bracket of $H with itself
vanishes if and only if (
TLΛH
)
ΛH 
1
2[ΛH ,ΛH], (2.49)
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where, for every η ∈ H, the left derivative TLηΛH is an element of Hom(h,Λ2h).
By differentiating (2.45), we obtain
TLηΛH(µ)  TηΛH(η . µ)  − adµΛH(η) + TeΛH(µ). (2.50)
Using the compatibility relation (2.47), Lemmas 2.23 and 2.24 below imply that(
TLΛH
)
ΛH  [ΛH ,ΛH] − dCEg ΛH . (2.51)
Thus, (2.49) is equivalent to (2.46). 
Lemma 2.23 Let κ(g, h) be a dual pair of finite-dimensional Lie algebras. For every
Λ ∈ Λ2h, the operator T : h→ Λ2h defined by T(µ)  adµΛ satisfies
T Λ  −[Λ,Λ]. (2.52)
♦
Proof. Choose a basis {ei} in g and the dual basis {εi} in h. Write
T  ei ⊗ adεi Λ and Λ  12Λkl ε
k ∧ εl . (2.53)
Then, we have
ei Λ 
1
2Λkl(δ
k
i ε
l − δliεk)  Λil εl (2.54)
and
adεi Λ 
1
2Λkl
([εi , εk]h ∧ εl + εk ∧ [εi , εl]h)  Λkl [εi , εk]h ∧ εl . (2.55)
Thus, using (2.41), we obtain
T Λ  adεi Λ ∧ (ei Λ)  ΛklΛi j [εi , εk]h ∧ εl ∧ ε j . (2.56)
On the other hand, we find
[Λ,Λ]  14ΛklΛi j [ε
k ∧ εl , εi ∧ ε j]

1
4ΛklΛi j
([εk , εi]h ∧ εl ∧ ε j − [εk , ε j]h ∧ εl ∧ εi
− [εl , εi]h ∧ εk ∧ ε j + [εl , ε j]h ∧ εk ∧ εi
)
 ΛklΛi j [εk , εi]h ∧ εl ∧ ε j .
(2.57)
Comparing the last two identities yields the claim. 
Lemma 2.24 Let κ(g, h) be a dual pair of finite-dimensional Lie algebras. For every
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Λ ∈ Λ2h,
ω Λ  −dCEg Λ, (2.58)
where the operator ω : h→ Λ2h is defined by κ (A ∧ B, ω(µ))  κ ([A, B]g , µ) for all
A, B ∈ g. ♦
Proof. Fix a basis {ek} of g. Denote by [ · , · ]k ∈ Λ2h the k-th component of the
commutator, i.e., [A, B]kek  [A, B]g for all A, B ∈ g. With this notation, we have
ω  ek ⊗ [ · , · ]k , because
κ
(
A ∧ B, ω(µ))  κ([A, B]g , µ)  κ(ek , µ) [A, B]k . (2.59)
Thus we find
(ω Λ)(A, B, C)  ((ek ⊗ [ · , · ]k) Λ)(A, B, C)

((ek Λ) ∧ [ · , · ]k )(A, B, C)
 Λ(ek ,A) [B, C]k −Λ(ek , B) [A, C]k +Λ(ek , C) [A, B]k
 Λ([B, C],A) −Λ([A, C], B) +Λ([A, B], C)
 −Λ(A, [B, C]) +Λ(B, [A, C]) −Λ(C, [A, B])
 −dCEg Λ(A, B, C). 
Proposition 2.22 yields a convenient reformulation of what it means for a
bivector field $H ∈ X2(H) to be a Poisson Lie structure on H in terms of the
associated map ΛH : H → Λ2h. In the sequel, it will be convenient to view the
latter as a map
piH : H × g→ h, (2.60)
that is,ΛH(η)(A, B)  κ (B, piH(η,A)) . From this viewpoint, we have the following
equivalent description of a Poisson Lie structure on H.
Proposition 2.25 Let κ(G,H) be a dual pair of finite-dimensional Lie groups. Let
ΛH : H → Λ2h be a smooth map satisfying the properties of Proposition 2.22 (so that its
extension $H ∈ X2(H) is a Poisson Lie structure on H). Then the map piH : H × g→ h
defined by piH(η,A)  A ΛH satisfies the following conditions:
(i) (linearity and skew-symmetry) piH is linear in the second argument and satisfies
κ
(
A, piH(η, B))  −κ (B, piH(η,A)) (2.61)
for all A, B ∈ g and η ∈ H.
(ii) (multiplicativity) For all η, ζ ∈ H and A ∈ g,
piH(η ζ,A)  Adζ−1 piH(η,Ad∗ζ−1 A) + piH(ζ,A). (2.62)
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(iii) (Poisson property)
dCEh piH −
1
2[piH , piH]  0. (2.63)
(iv) (compatibility) For all µ ∈ h and A ∈ g,
Te
(
piH(·,A))(µ)  ad∗A µ, (2.64)
where piH(·,A) : H → h.
Conversely, to every map piH : H ×g→ h satisfying these conditions, the mapΛH : H→
Λ2h defined by piH(η,A)  A ΛH posses the properties of Proposition 2.22. ♦
Proof. Linearity in the second argument and skew-symmetry of piH is clear asΛH
takes values in Λ2h. Moreover, the multiplicativity and compatibility conditions
are simple reformulations of the corresponding properties in Proposition 2.22.
Thus, it is left to show that (2.46) and (2.63) are equivalent. Since this a
completely algebraic question (for fixed η ∈ H), it suffices to consider a linear
map pi : g→ h with associated Λ ∈ Λ2h. First note that we have
κ
(
C, dCEh pi(A, B)
)
 κ
(
C,− ad∗A pi(B) + ad∗B pi(A) − pi([A, B])
)
 −κ ([A, C], pi(B)) + κ ([B, C], pi(A)) − κ (C, pi([A, B]))
 κ
([A, C] ∧ B − [B, C] ∧ A − [A, B] ∧ C,Λ)
 κ
(
A ∧ B ∧ C, dCEg Λ
)
.
(2.65)
Choose a basis {ei} in g and the dual basis {εi} in h. According to (2.57), we have
[Λ,Λ]  ΛklΛpq [εk , εp]rεr ∧ εl ∧ εq , where Λ  12Λklεk ∧ εl and [εk , εp]rεr [εk , εp]h. Thus,
e j ei [Λ,Λ]  ΛklΛpq [εk , εp]r
(
δri δ
l
jε
q
+ δliδ
q
j ε
r
+ δ
q
i δ
r
jε
l
− δri δqj εl − δ
q
i δ
l
jε
r − δliδrjεq
)
 2ΛklΛpq [εk , εp]r
(
δri δ
l
jε
q
+ δliδ
q
j ε
r
+ δ
q
i δ
r
jε
l )
 2
(
Λk jΛlr [εk , εl]i +ΛkiΛl j [εk , εl]r +ΛkrΛli [εk , εl] j
)
εr ,
(2.66)
because ΛklΛpq [εk , εp]r is skew-symmetric in the indices l and q. On the other
hand, using (2.44), the identities pi(ei)  ei Λ  Λilεl and ad∗εl ei  [εl , εk]iek
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imply
1
2[pi, pi](ei , e j)  pi
(
ad∗pi(ei) e j
) − pi (ad∗pi(e j) ei ) + [pi(ei), pi(e j)]h
 ΛilΛkr[εl , εk] jεr −Λ jlΛkr[εl , εk]iεr +ΛilΛ jk[εl , εk]rεr .
(2.67)
In summary, we obtain
κ
(
A ∧ B ∧ C, dCEg Λ − 12[Λ,Λ]
)
 κ
(
C, dCEh pi(A, B) −
1
2[pi, pi](A, B)
)
, (2.68)
so that (2.46) and (2.63) are equivalent indeed. 
It is this form that we adopt as the definition of a Poisson Lie structure in the
infinite-dimensional setting.
Definition 2.26 Let κ(G,H) be a dual pair of (possibly infinite-dimensional)
Lie groups. A smooth map piH : H × g → h is said to be a Poisson Lie structure
on H compatible with the Lie bracket on g if it satisfies the properties stated in
Proposition 2.25. ♦
In [NST14] it has been observed that a Poisson tensor on an infinite-dimensional
manifold does not induce a Poisson bracket on the space of all smooth functions.
This continues to be true in our particular setting of Poisson Lie structures.
Indeed, a Poisson Lie structure piH on H defines a Lie bracket
{ f , g}(η)  κ (TLη f , piH(η, TLη g)) (2.69)
only on the subalgebra ofC∞(H) consisting of functions f forwhich the functional
TL f : h→ R can be represented by an element of g. Conversely, we note that, in
infinite dimensions, the Poisson bracket on the space of smooth functions may
depend on higher-order derivatives of functions and thus may not be induced by
a Poisson tensor, see [BGT18].
After this excursion into the theory of infinite-dimensional Poisson Lie groups,
let us return to our original quest of establishing a relation between coconjugation
actions and induced Poisson Lie structures. In finite dimensions, every Poisson
Lie group with complete dressing vector fields can be integrated to matched pair
of Lie groups, see [LW90, Theorem 3.12]. The following result establishes the
corresponding inverse “derivation” operation.
Theorem 2.27 Let κ(G,G∗) be a dual pair of Lie groups. For every coconjugation
matched pair (Υ,Υ∗) on κ(G,G∗), define piG : G × g∗→ g and piG∗ : G∗ × g→ g∗ by
piG(g , µ) .. TeΥ∗g−1
(
Ad∗g−1 µ
)
. g , piG∗(η,A) .. −η−1 . TeΥη (Ad∗η−1 A) . (2.70)
Group-Valued Momentum Maps 29
If piG and piG∗ are skew-symmetric in the sense of (2.61), then they define Poisson Lie
structures on G and on G∗, respectively. ♦
Proof. We will give the proof only for piG∗ as similar arguments show that piG is a
Poisson Lie structure as well. We have to verify that piG∗ satisfies the conditions
of Proposition 2.25.
First, note that piG∗ is clearly linear in the second argument and it is skew-
symmetric by assumption.
The compatibility condition (2.31) implies
piG∗(η ζ,A)  −(ζ−1η−1) . TeΥηζ(Ad∗η−1 Ad∗ζ−1 A)
 −(ζ−1η−1) . Te (Υη · (Υζ ◦ Υ∗η−1))(Ad∗η−1 Ad∗ζ−1 A)
 −Adζ−1 (η−1 . TeΥη(Ad∗η−1 Ad∗ζ−1 A))
− ζ−1 . TeΥζ (TeΥ∗η−1(Ad∗η−1 Ad∗ζ−1 A))
 Adζ−1
(
piG∗(η,Ad∗ζ−1 A)
)
+ piG∗(ζ,A).
(2.71)
This verifies the multiplicativity of piG∗ , cf. (2.62).
Let us now turn to the compatibility relation (2.64). Note that we have
(δΥ)(e ,η)(A, 0)  −piG∗(η,Ad∗η A) and (δΥ)(g ,η)(0, η . µ)  Ad∗Υ∗
η−1 (g)−1 µ, see (2.34).
Since the 1-form δΥ ∈ Ω1(G × G∗, g∗) satisfies the Maurer–Cartan equation, we
thus obtain
0 
(
d δΥ + 12[δΥ, δΥ]
)
(e ,e)
((0, µ), (A, 0))
 (0, µ¯)(e ,e)
(
δΥ(A¯, 0)) − (A¯, 0)(e ,e) (δΥ(0, µ¯))
+
[(δΥ)(e ,e)(0, µ), (δΥ)(e ,e)(A, 0)]
 −Te (η 7→ piG∗(η,Ad∗η A))(µ) − Te (g 7→ Ad∗g−1 µ)(A) + 0
 −Te (piG∗(·,A))(µ) + ad∗A µ,
(2.72)
where A¯ and µ¯ denote the left-invariant extensions ofA and µ, respectively. Thus,
Te
(
piG∗(·,A))(µ)  ad∗A µ, which is the compatibility relation (2.64).
For the Poisson property (2.63), we need a bit of preparation. First, the fact
that Υ is a left G-action implies
δgΥη(g . A)  Υ(g , η)−1 . TηΥg (TeΥη(A))
 −Υ(g , η)−1 . TηΥg (η . piG∗(η,Ad∗η A))
 −Ad∗Υ∗
η−1 (g)−1 piG
∗(η,Ad∗η A),
(2.73)
where, for the last equality, we used (2.34). Since δΥη ∈ Ω1(G, g∗) satisfies the
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Maurer–Cartan equation for every η ∈ G∗, we thus find
0 
(
d δΥη +
1
2[δΥη , δΥη]
)
e
(A, B)
 A¯e
(
δΥη(B¯)) − B¯e (δΥη(A¯)) − δeΥη([A¯, B¯])
+ [δeΥη(A), δeΥη(B)]
 ad∗Ad∗η A piG∗(η,Ad
∗
η B) − ad∗Ad∗η B piG∗(η,Ad
∗
η A)
+ piG∗(η,Ad∗η[A, B]) + [piG∗(η,Ad∗η A), piG∗(η,Ad∗η B)].
(2.74)
Similarly, the twisted multiplicativity (2.31) of Υ∗η implies
δgΥ
∗
η(g . A)  Υ∗(g , η)−1 . TgΥ∗η(g . A)
 Υ∗(g , η)−1 . (TηΥ∗g(piG∗(η−1,Ad∗η−1 A) . η) + Υ∗η(g) . TeΥ∗η(A))
 AdΥ∗η(g)−1 piG
(
Υ∗η(g)−1,Ad∗Υ∗η(g)−1 piG∗(η−1,Ad∗η−1 A)
)
+Ad∗η−1 A ,
(2.75)
where we used Te
(
g 7→ Υg(η−1)−1)(A)  piG∗(η−1,Ad∗η−1 A) . η and TηΥ∗g(µ . η) 
TeΥ∗Υ∗η(g)(µ)  piG(Υ∗η(g)−1,Ad
∗
Υ∗η(g)−1 µ) .Υ∗η(g). Taking the derivativewith respect
to g at the identity in the direction B ∈ g yields
B¯e
(
δΥ∗η(A¯)
)
 −Te (piG(·, piG∗(η−1,Ad∗η−1 A))) (TeΥ∗η(B))
 − ad∗piG∗ (η−1 ,Ad∗η−1 A)(Ad
∗
η−1 B) (2.76)
Since δΥ∗η ∈ Ω1(G, g) satisfies the Maurer–Cartan equation for every η ∈ G∗, we
thus find
0 
(
d δΥ∗η +
1
2[δΥ
∗
η , δΥ
∗
η]
)
e
(A, B)
 A¯e
(
δΥ∗η(B¯)
) − B¯e (δΥ∗η(A¯)) − δeΥ∗η([A¯, B¯])
+ [δeΥ∗η(A), δeΥ∗η(B)]
 − ad∗piG∗ (η−1 ,Ad∗η−1 B)(Ad
∗
η−1 A) + ad∗piG∗ (η−1 ,Ad∗η−1 A)(Ad
∗
η−1 B) −Ad∗η−1[A, B]
+ [Ad∗η−1 A,Ad∗η−1 B]
(2.77)
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Using (2.74) and (2.77), we now obtain
dCEh piG∗(η,A, B) −
1
2[piG∗ , piG∗](η,A, B)
 − ad∗A piG∗(η, B) + ad∗B piG∗(η,A) − piG∗(η, [A, B])
− piG∗(η, ad∗piG∗ (η,A) B) + piG∗(η, ad∗piG∗ (η,B) A)
− [piG∗(η,A), piG∗(η, B)]
 piG∗(η,Ad∗η[Ad∗η−1 A,Ad∗η−1 B]) − piG∗(η, [A, B])
− piG∗(η, ad∗piG∗ (η,A) B) + piG∗(η, ad∗piG∗ (η,B) A)
 0.
(2.78)
This verifies the Poisson property (2.63). 
Note that, by construction, the coconjugation action Υ and the Poisson bivector
field piG∗ are connected by
− η . piG∗(η,Ad∗η A)  TeΥη(A) ∈ TηG∗, η ∈ G∗,A ∈ g. (2.79)
In Poisson geometry, actions satisfying this relation with respect to a Poisson
structure on a Lie group are called dressing transformations (see, e.g., [Lu90, Defi-
nition 2.38] or [FR96]). For questions concerning the equivariance of momentum
maps, it feels however more natural to put the action first and then derive the
Poisson structure from it, than the other way around. In summary, we obtain the
following hierarchy:
Coconjugation actions (Υ,Υ∗)
Dual pair of Poisson Lie groups κ(G,G∗)
Lie bialgebra κ(g, g∗)
Theorem 2.27
[LW90, Theorem 1.8]
dressing transformations
[LW90, Theorem 1.8]
(2.80)
The dotted arrows indicate that the integration of structure is not always possible.
The integration of a Lie bialgebra to a dual pair of Poisson Lie groups, [LW90,
Theorem 1.8.], requires the groups to be connected and simply connected.
Moreover, to obtain dressing transformations one needs that the dressing vector
fields are complete, see [LW90, Theorem 3.12].
Example 2.28 For the coadjoint action dual pair κ(G, g∗) discussed in Exam-
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ple 2.20, the induced Poisson Lie structure on g∗ is given by
pig∗(µ,A)  ad∗A µ . (2.81)
This is the usual Kostant–Kirillov–Souriau Poisson structure. ♦
Example 2.29 Continuing with Example 2.21, let D be a finite-dimensional
connected complex semisimple Lie group and let D  KB be its Iwasawa
decomposition. The action (2.35) of K on B induces the following Poisson Lie
structure on B:
piB(b ,A)  −prb(Adb−1 Ad∗b−1 A). (2.82)
The corresponding bivector field is given by
Λb(A, B)  Im κd
(
prb(Adb A), prk(Adb B)
)
, (2.83)
which coincides with the one given in [LR91, Definition 4.2]. Similarly, the
action (2.35) of B on K induces the Poisson Lie structure on K
piK(k , µ)  −prk(Adk−1 Ad∗k−1 µ) (2.84)
with bivector field
Λk(µ, ν)  Im κd
(
prk(Adk µ), prb(Adk ν)
)
. (2.85)
This coincides with the Poisson structure of [LW90, Theorem 4.3]. ♦
Example 2.30 Consider the dual pair of Lie groups κ(Diffµ(M), Hˆ2(M,U(1)))
from Example 2.2. The coadjoint action of a diffeomorphism is given by pull-back.
Thus a natural coconjugation action is given by
Diffµ(M) × Hˆ2(M,U(1)) → Hˆ2(M,U(1)), (φ, h) 7→ (φ−1)∗h. (2.86)
This indeed endows κ(Diffµ(M), Hˆ2(M,U(1))) with the structure of a coconjuga-
tionmatched pair (relative to the trivial action of Hˆ2(M,U(1)) onDiffµ(M)). Using
Proposition D.3, we see that the induced Poisson Lie structure on Hˆ2(M,U(1)) is
defined by
Hˆ2(M,U(1)) × Xµ(M) → Ω1(M)/dΩ0(M), (h ,X) 7→ [X curv h]. (2.87)
Under the integration pairing, this corresponds to the map
Hˆ2(M,U(1)) × Xµ(M) × Xµ(M) → R (h ,X,Y) 7→
∫
M
curv h(X,Y) µ. (2.88)
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Note that, for fixed h ∈ Hˆ2(M,U(1)), this is precisely the Lichnerowicz cocycle on
Xµ(M) defined by the 2-form curv h. In other words, the Lichnerowicz cocycle is
derived from the pull-back action. ♦
For the rest of the section, we consider the case where G∗ is Abelian in more
detail. To emphasize the Abelian nature we write group operation in G∗ as
addition. In this case, the coadjoint action of G∗ on g is trivial so that we
can choose Υ∗ : G∗ × G → G to be the trivial action. Accordingly, we refer to
the G-action Υ on G∗ as the conjugation action. Moreover, the matched pair
condition (2.31) simplifies to
Υg(η1 + η2)  Υg(η1) + Υg(η2), (2.89)
and we will call Υ standard if this relation is satisfies.
The following is a refinement of Lemma 2.19 in the Abelian setting.
Proposition 2.31 Let Υ : G × G∗→ G∗ be a standard coconjugation action. A map
c : G → G∗ defines a coconjugation action by Υ˜ .. Υ + c if and only if c satisfies
c(gh)  c(g) + Υg(c(h)) for all g , h ∈ G. That is, Υ˜ is a coconjugation action if and
only if c is a 1-cocycle with respect to Υ. ♦
Proof. Suppose that c : G→ G∗ is amap satisfying c(gh)  c(g)+Υg(c(h)). Define
the map Υ˜ : G×G∗→ G∗ by Υ˜g(η)  Υg(η)+ c(g). It is clear that Υ˜ still integrates
the coadjoint action. Thus it is left to show that Υ˜ is a left action indeed. This
follows from the following straightforward calculation:(
Υ˜g ◦ Υ˜h
) (η)  Υg (Υh(η) + c(h)) + c(g)
 Υg
(
Υh(η)
)
+ Υg
(
c(h)) + c(g)
 Υgh(η) + c(gh)
 Υ˜gh(η).
(2.90)
Reading the argument backwards establishes the converse claim in the “if and
only if” statement. 
Example 2.32 The coadjoint representation is a standard coconjugation action
of G on G∗ .. g∗. Moreover, since g∗ is connected, the previous proposition in
combination with Lemma 2.19 establishes a bĳection between coconjugation
actions on g∗ and 1-cocycles c : G→ g∗. The coconjugation action corresponding to
a 1-cocycle c is the affine action (g , µ) 7→ Ad∗g−1 µ+ c(g), which plays an important
role for classical non-equivariant momentummaps (see [OR03, Definiton 4.5.23]).
♦
According to Theorem 2.27, every standard coconjugation action yields an
associated Lie Poisson structure piG∗ on G∗ (the induced Lie Poisson structure piG
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on G vanishes, because Υ∗ is trivial). For the Poisson structure induced on G∗ we
have the following affine version.
Proposition 2.33 Let κ(G,G∗) be a dual pair of Lie groups with Abelian G∗. For every
standard coconjugation action Υ and for every cocycle c : G→ G∗, let Υ˜  Υ + c be the
associated coconjugation action and define p˜iG∗ : G∗ × g→ g∗ by
p˜iG∗(η,A) .. −η−1 . TeΥ˜η(A). (2.91)
If piG∗ is skew-symmetric in the sense of (2.61), then it defines an affine Poisson structures
on G∗. ♦
Proof. Since we have Υ˜ζ+η  Υ˜ζ + Υ˜η − c, a similar calculation as in the proof of
Theorem 2.27 shows that
p˜iG∗(ζ + η,A)  p˜iG∗(ζ,A) + p˜iG∗(η,A) − Te c(A)
 p˜iG∗(ζ,A) + p˜iG∗(η,A) − p˜iG∗(0,A). (2.92)
Thus p˜iG∗ is an affine bivector field. The Poisson property follows as in Theo-
rem 2.27. 
For a given coconjugation action Υ of G on G∗, we say that the group-valued
momentum map is equivariant if it is G-equivariant as a map J : M → G∗. It is
well-known that a classical momentum map is equivariant if and only if it is a
Poisson map. This relation carries over to our more general setting.
As above, we first have to reformulate what it means for J to be a Poisson map
in terms of piG∗ . For a smooth function f : G∗→ R, the left derivative TLη f : g∗→ R
at η ∈ G∗ is an element of the double dual g∗∗. In finite dimensions, we can
view TLη f thus as an element of g. The Poisson bracket of f , g ∈ C∞(G∗) is given
by { f , g}G∗(η)  κ
(
TLη f , piG∗(η, TLη g)
)
according to (2.69). Given a group-valued
momentum map J : M → G∗, we calculate for Xm ∈ TmM
Tm( f ◦ J)(X)  TJ(m) f
(
J(m) . δm J(X)
)
 κ
(
TLJ(m) f , δm J(X)
)
 −ωm
((TLJ(m) f ) . m ,X) (2.93)
by (2.13). Hence, we obtain (see (2.1))
{ f ◦ J, g ◦ J}M(m)  $m
(
Tm( f ◦ J), Tm(g ◦ J))
 ωm
((TLJ(m) f ) . m , (TLJ(m)g) . m) . (2.94)
Thus, in summary, J is a Poisson map, i.e., { f ◦ J, g ◦ J}M  { f , g}G∗ ◦ J, if and
only if
ωm(A . m , B . m)  κ
(
A, piG∗(J(m), B)
)
(2.95)
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holds for all A, B ∈ g and m ∈ M. This equation no longer relies on reflexivity
to make sense and so we adopt it as the definition for J to be a Poisson map in
infinite dimensions. Recall that the left-hand side of (2.95) defines the so called
non-equivariance cocycle σm(A, B)  ωm(A . m , B . m). Thus, J is a Poisson map
if and only if the Lie algebra cocycles σm and κ
(·, piG∗(J(m), ·)) coincide for all
m ∈ M.
Proposition 2.34 Let κ(G,G∗) be a dual pair of Lie groups where G∗ is Abelian.
Assume that G acts on the symplectic manifold (M, ω) with a group-valued momentum
map J : M → G∗. If J is equivariant with respect to a given coconjugation action
Υ˜  Υ + c, then it is a Poisson map relative to the induced Poisson structure p˜iG∗ of
Proposition 2.33. ♦
Proof. If J : M → G∗ is equivariant, then J(g · m)  Υ˜g J(m) relative to the cocon-
jugation action Υ˜ : G × G∗→ G∗. Thus,
δm J(B . m)  J(m)−1 . TeΥ˜J(m)(B)  −p˜iG∗
(
J(m), B) . (2.96)
On the other hand, κ
(
A, δm J(B . m))  −ωm(A . m , B . m) by the definition of the
momentum map, and the claim follows. 
2.6 Momentum maps for group extensions
Consider the following set-up. Let H, K,G be Lie groups which fit in the exact
sequence
e H K G e ,ι pi (2.97)
where ι and pi are Lie group morphisms. Suppose that K acts on a symplectic
manifold (M, ω) such that the diffeomorphism defined by each group element is
symplectic. We are interested in the momentum map for this action. Starting
from the extension sequence (2.97), it is natural to seek an expression of the
momentummap for the K-action in terms of the momentummaps for the groups
H andG, assuming they exist. Similar questions occur in the context of symplectic
reduction by stages (see [Mar+07]).
The corresponding sequence on the infinitesimal level
0 h k g 0ι pi (2.98)
always splits as vector spaces but not necessarily as Lie algebras. Let us fix
a splitting σ : g → k in the category of locally convex vector spaces and write
h ⊕σ g  k for the corresponding direct sum. Thus, every A ∈ k can be uniquely
written as the sum A  ι(AH) + σ(AG)with AH ∈ h and AG  pi(A) ∈ g.
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Proposition 2.35 Let κ(G,G∗) be a dual pair of Lie groups and let 〈h, h〉 be a pairing of
h with itself. Assume that the induced action of H on M has a standard momentum map
JH : M → h with respect to the pairing 〈h, h〉 and that there exists a map Jσ : M → G∗
satisfying
σ(AG)∗ ω + κ(AG , δJσ)  0, AG ∈ g. (2.99)
Then, JK  (JH , Jσ) : M → h × G∗ is a group-valued momentum map for the K-action
with respect to the pairing (h ⊕σ g, h ⊕ g∗)  〈h, h〉 + κ(g, g∗). ♦
Proof. The momentum map equation
A∗ ω + (A, δJK)  0, A ∈ k (2.100)
is linear in A  ι(AH) + σ(AG) and thus decomposes in
A∗H ω + 〈AH , dJH〉  0 (2.101)
and in
σ(AG)∗ ω + κ(AG , δJσ)  0. (2.102)
Both equations hold by assumption. 
Formally, (2.99) looks like a momentum map relation. However, we do not
assume that σ is a splitting on the level of Lie algebras and, hence G, or its Lie
algebra g, does not act on M via σ. However, if G happens to act on M through a
different splitting χ : G→ K which is a group section of pi (see (2.97)), then Jσ is
the momentum map up to some twisting by JH .
Proposition 2.36 In the setting above, let χ : g→ k be a Lie algebra homomorphism
splitting the exact sequence (2.98) and hence there is an induced (infinitesimal) g-action
on M. Define τσχ .. χ − σ : g→ h and denote its dual map with respect to the chosen
pairings by τ∗σχ : h∗ → g∗. Moreover, assume that the dual group G∗ of G is Abelian.
Then,
Jχ : M → G∗, m 7→ Jσ(m) · exp(τ∗σχ JH(m)) (2.103)
is a group-valued momentum map for the G-action on M. Moreover, Jχ does not depend
on the splitting σ. ♦
Proof. For B ∈ g, the infinitesimal generator vector field is B∗  (χ(B))∗  σ(B)∗ +
τσχ(B)∗. Since G∗ is by assumption Abelian, we have the ordinary product rule
δJχ  δJσ + τ∗σχ dJH . Calculating, using the defining equations for JH and Jσ,
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yields
B∗ ω + κ(B, δJχ)
 σ(B)∗ ω + κ(B, δJσ) + τσχ(B)∗ ω + κ(B, τ∗σχ dJH)
 σ(B)∗ ω + κ(B, δJσ) − 〈τσχ(B), dJH〉 + κ(B, τ∗σχ dJH)
 0,
(2.104)
which shows that Jχ is a group-valued momentum map.
It is left to show that the momentum map Jχ does not depend on the splitting
that was used in the construction. Let σ1 and σ2 be different splittings. First, we
start with the observation that if Jσ1 satisfies (2.99) for σ1, then the map defined
by Jσ2 .. Jσ1 · exp(−(σ1 − σ2)∗ JH) satisfies the same relation with σ replaced by
σ2. Indeed, since G∗ is assumed to be Abelian, the chain rule for the logarithmic
derivative simplifies and is not twisted by the adjoint representation. We thus
obtain
δJσ2  δJσ1 − (σ1 − σ2)∗ dJH . (2.105)
Using (2.99) and the momentum relation for JH , we get for all AG ∈ g
κ(AG , δJσ2)  κ(AG , δJσ1) − κ(AG , (σ1 − σ2)∗ dJH)
 κ(AG , δJσ1) − 〈(σ1 − σ2)AG , dJH〉
 −(σ1AG)∗ ω + ((σ1 − σ2)AG)∗ ω
 −(σ2AG)∗ ω.
(2.106)
On the other hand, we clearly have τ∗σ2χ  τ
∗
σ1χ + (σ1 − σ2)∗. Hence, in summary,
Jσ2 · exp(τ∗σ2χ JH)  Jσ1 · exp(−(σ1 − σ2)∗ JH) exp(τ∗σ1χ JH) exp((σ1 − σ2)∗ JH)
 Jσ1 · exp(τ∗σ1χ JH)
(2.107)
and thus Jχ is independent of the chosen splitting σ. 
In a similar spirit, we can determine the momentum map for the action of a
subgroup.
Proposition 2.37 Let G act on the symplectic manifold (M, ω) with group-valued
momentum map J : M → G∗. Let ι : H → G be a Lie group homomorphism, so that H
acts through G on M. Fix a dual group H∗ of H. Assume1 that there is a Lie group
homomorphism ρ : G∗→ H∗ whose associated Lie algebra homomorphism ρ : g∗→ h∗ is
the dual of ι : h→ g with respect to κ(g, g∗) and 〈h, h∗〉. Then JH .. ρ ◦ J : M→ H∗ is
a group-valued momentum map for the induced H-action. ♦
1 Note that these assumptions are automatically satisfied in finite dimensions if G is 1-connected,
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Proof. Let B ∈ h. Then using the fact that taking the logarithmic derivative
commutes with Lie group homomorphisms [Nee06, Proposition II.4.1.1], we
have
ι(B)∗ ω  −κ(ι(B), δJ)  −〈B, ρ ◦ δJ〉  −〈B, δ(ρ ◦ J)〉, (2.108)
which proves the proposition. 
3 Global Analysis of Symplectic Fiber Bundles
3.1 Symplectic form on the space of sections
The prime example of an infinite-dimensional manifold is the space of sections
of a fiber bundle. So, for the study of infinite-dimensional symplectic geometry,
it is suggestive to search for a way to construct a symplectic form on the space of
sections using some geometric structure on the fiber bundle. As we will see, a
symplectic form along the fibers is what we are looking for.
Let pi : P → M be a finite-dimensional right principal G-bundle. Given a left
G-manifold F, where the action is denoted by l : G × F→ F, form the associated
fiber bundle F  P ×G F→ M (see Appendix A for definitions and conventions).
If, in addition, F carries a G-invariant symplectic form ω, then there exists a
unique symplectic structure ωm on each fiber Fm such that the map
ιp : F→ Fm , f 7→ [p , f ] (3.1)
is a symplectomorphism for all p ∈ Pm . The fiber bundle F with the induced
fiberwise symplectic structure ω is called a symplectic fiber bundle and we denote
it by (F, ω). We emphasize that ω is not a 2-form on F but is merely a notation for the
fiberwise symplectic structure.
A 2-form ωˆ on F is called an extension of the fiberwise symplectic structure if
its pull-back to each fiber Fm coincides with ωm . Such extensions always exist
(for example, choose a connection in F and construct the extension ωˆ by letting
it vanish on horizontal vectors). In the theory of symplectic fiber bundles one
usually tries to construct extensions that are again symplectic forms [Wei80]. We
emphasize that we do not require the extension ωˆ to be non-degenerate. An
extension ωˆ is called compatible with a given connection on P if the vertical and
horizontal subbundles of the associated connection on F are orthogonal with
respect to ωˆ.
i.e., connected and pi1(G, e)  1. In infinite dimensions, however, the adjoint ρ : g∗ → h∗ of the
linear map ι does not need to exist, and even if it exists, it does not necessarily integrate to a
Lie group homomorphism (for this, we would need some regularity assumptions on the dual
group H∗, cf. [Nee06, Theorem III.1.5]).
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In what follows, we assume that the base manifold M is closed (i.e., compact
without boundary) so that the space of sections F  Γ∞(F) is a Fréchet manifold.
The tangent space to F at a section φ consists of vertical vector fields along φ, i.e.,
sections of φ∗VF, where VF ⊂ TF is the vector subbundle of vertical vectors. Fix
a volume form µ on M and choose an extension ωˆ of the fiberwise symplectic
structure ω on F. Using the evaluation map ev: M × F → F and the projection
prM : M × F → M, we define a 2-form Ω on F by
Ω  µ ∗ˆ ω ≡ −
∫
M
pr∗Mµ ∧ ev∗ωˆ, (3.2)
which uses the hat product introduced by Vizman [Viz11], here generalized to
sections of fiber bundles. Details about the resulting hat calculus are collected in
Appendix C. The form Ω depends only on the fiber symplectic form ω and not
on the extension ωˆ, since only the vertical part of the tangent vector plays a role;
see Remark C.1 (which also justifies the notation µ ∗ˆ ω instead of µ ∗ˆ ωˆ). In fact,
by (C.4), we have the explicit description
Ωφ(Y1,Y2) 
∫
M
ωφ(Y1,Y2) µ, Y1,Y2 ∈ Γ∞(φ∗VF). (3.3)
This identity also shows that Ω is non-degenerate, because ω is fiberwise
non-degenerate, by assumption. The exterior differential of Ω is given by
dΩ  (−1)dimMµ ∗ˆ dpiω, where dpi denotes the vertical differential along the
fibers; see (C.6). Thus Ω is closed. Let us record this observation.
Proposition 3.1 Let M be a closed manifold endowed with volume form µ and let
(F, ω) be a symplectic fiber bundle over M. ThenΩ  µ ∗ˆ ω is a symplectic structure on
the space of smooth sections F of F. ♦
Note that (3.3) shows that Ω coincides with the symplectic form considered in
a slightly more restricted setting by Donaldson [Don03, Equation 7].
3.2 Action of Aut(P)
Every bundle automorphism ψ of F induces a diffeomorphism ψˇ on the base M.
Consider the natural smooth left action of Aut(F) on the section space F defined
by
Υ : Aut(F) × F → F , ψ · φ  ψ ◦ φ ◦ ψˇ−1. (3.4)
Let
Autµ,ω(F)  {ψ ∈ Aut(F) | ψˇ ∈ Diffµ(M), ψ∗ω  ω} (3.5)
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be the subgroup of automorphisms of F preserving the fiber symplectic structure
and inducing volume-preserving diffeomorphisms on the base. Equation (C.9)
implies that the induced action of Autµ,ω(F) on F leaves the symplectic form
Ω  µ ∗ˆ ω invariant.
Although it is thus perfectly natural to seek amomentummap for theAutµ,ω(F)
action on F , one is confronted with serious difficulties in this quest. We will
further comment on these matters below in Remark 4.1 and for now concentrate
on bundle automorphisms of F  P ×G F coming from the principal bundle.
Every principal bundle automorphism ϕ of P defines a bundle automorphism
ϕF of F by ϕF  ϕ ×G idF. Hence, by definition, ϕF ◦ ιp  ιϕ(p) for every p ∈ P,
where ιp : F → F was introduced in (3.1). This relation implies ι∗pϕ∗Fωϕˇ(m) 
ι∗
ϕ(p)ωϕˇ(m)  ω, or equivalently ϕ
∗
Fωϕˇ(m)  ωm for m  pi(p). Thus, ϕF leaves
the fiber symplectic structure invariant and we get a group homomorphism
Autµ(P) → Autµ,ω(F), where
Autµ(P)  {ϕ ∈ Aut(P) | ϕˇ ∈ Diffµ(M)} (3.6)
is the subgroup of automorphisms of P that induce volume-preserving diffeo-
morphisms on the base. Therefore, we seek a momentum map for the Autµ(P)
action on F . We will divide this problem into its vertical and horizontal parts
using Proposition 2.35.
Assigning to a principal bundle automorphism ψ of P the induced diffeomor-
phism ψˇ on the base M, yields a group homomorphism Autµ(P) → Diffµ(M),
whose kernel is the gauge group Gau(P). Thus we obtain a short exact sequence
of Lie groups
id→ Gau(P) → Autµ(P) → Diffµ,P(M) → id, (3.7)
where Diffµ,P(M) denotes the subgroup of volume-preserving diffeomorphisms
which is the range of the projection given by the third arrow in (3.7). Note that
Diffµ,P(M) consists of those diffeomorphisms that preserve the equivalence class
of P under pull-back, and thus it is an open subgroup of Diffµ(M).
So we find ourselves in the setting discussed in Section 2.6. Proposition 2.35
shows that themomentummap forAutµ(P) is obtained from themomentummap
for the gauge group aswell as the ‘partial’ momentummap for Diffµ,P(M). Before
we determine these two ingredients, let us record the common starting point.
By (C.8), the infinitesimal generator vector field on F induced by Y ∈ autµ(P) is
given by
Y∗φ  YF ◦ φ − Tφ(YM) ∈ Γ∞(φ∗VF), (3.8)
where YM  Tpi(Y) denotes the induced vector field on M and where YF is the
vector field on F induced by the natural map autµ(P) → autµ,ω(F). Using (C.11),
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we obtain
Y∗ Ω  (YM µ) ∗ˆ ωˆ + (−1)dimMµ ∗ˆ (YF ωˆ), Y ∈ autµ(P). (3.9)
Hence, Y∗ Ω decomposes into vertical and horizontal terms, so that we can de-
termine themomentummap for the gauge group separately from themomentum
map for the diffeomorphism group.
3.2.1 Momentum map for the gauge group
Since for every Y ∈ gau(P) the induced vector field YM on the base vanishes, (3.9)
simplifies to
Y∗ Ω + (−1)dimM+1µ ∗ˆ (YF ωˆ)  0. (3.10)
To study the second term (−1)dimMµ ∗ˆ (YF ωˆ) ∈ Ω1(F), we evaluate it onZ ∈ TφF
and, using (C.2), obtain
(−1)dimM (µ ∗ˆ (YF ωˆ))φ(Z)  ∫
M
ωˆφ(m)
(
YF ◦ φ(m), Z(m)) µ. (3.11)
In order to shift the calculation from section spaces to the fiber model F, we
introduce the smooth bundle map1 over M
l : ConjP ×M F→ F, ([p , g], [p , f ]) 7→ [p , g · f ], (3.12)
where ConjP  P×GG→M is the conjugation bundle associated to the principal
G-bundle P → M (see Appendix A). The fiber derivative of l is given by
V1l : AdP ×M F→ VF  P ×G TF,
(
[p ,A], [p , f ]
)
7→ [p ,A∗f ], (3.13)
where AdP → M is the adjoint bundle of the principal G-bundle P → M. Let
Xv(F) denote the set of vertical vector fields on the associated fiber bundle F.
Note that l induces a natural map l∗ : Gau(P) → Gau(F) on sections and that the
map gau(P) → Xv(F) sending a vertical vector field Y on P to its partner YF on F
is identified with (V1l)∗ : Γ∞(AdP) → Xv(F). In other words, YF  (V1l)∗Y.
To calculate the contraction YF ω  (V1l)∗Y ω of the vertical vector field
YF with the fiber symplectic form ω we need a G-equivariant momentum map
J : F → g∗ for the symplectic G-action on (F, ω). By G-equivariance, J yields a
bundle map J : F→ Ad∗P, where Ad∗P  P ×G g∗ is the coadjoint bundle. Taking
the derivative in the fiber direction yields a bundle map VJ : VF→ Ad∗P. Note
that the derivative of J∗ : F → Γ∞(Ad∗P) at φ ∈ F equals (VJ)∗ ◦ φ. Let l′A be
1 Morally, l  idP ×G l.
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Fiber model F Bundle F
Symplectic form ω ω
Action l : G × F→ F l : ConjP ×M F→ F
Infinitesimal action l′ : g × F→ TF V1l : AdP ×M F→ VF
Momentum map J : F→ g∗ J : F→ Ad∗P
Table 2:Overviewof the objects of thefiberwiseHamiltonian systemand their companions
in the bundle picture.
the infinitesimal generator vector field for the G-action l : G × F→ F associated
to A ∈ g. Unravelling the definitions shows that the momentum map relation
(l′A) ω + 〈A, dJ〉  0 on F translates in the bundle picture to((V1l)∗Y) ω + 〈Y,VJ〉  0 (3.14)
on vertical vectors. Indeed, let [p , u] ∈ P ×G TF be a vertical vector at the point
[p , f ] ∈ F over m ∈ M and represent Y(m) ∈ AdP by the pair [p ,A] with A ∈ g.
Then, using (3.13), we obtain
ωm
(
V1l (Y(m)), [p , u])  ωm ([p ,A∗f ], [p , u])
 ω f (A∗f , u)
 −〈A, T f J(u)〉. (3.15)
On the other hand, we have〈
Y(m),VJ([p , u])〉  〈[p ,A], [p , T f J(u)]〉  〈A, T f J(u)〉, (3.16)
which verifies (3.14). The additional structure on the bundle F derived from the
fiberwise Hamiltonian system on F is summarized in Table 2.
Returning to the original problem of computing the momentum map of the
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gauge group, we can now rewrite (3.11) as
(−1)dimM (µ ∗ˆ (YF ωˆ))φ(Z)  ∫
M
ωˆφ(m)
(
YF ◦ φ(m), Z(m)) µ

∫
M
ωˆφ(m)
((V1l)∗Y ◦ φ(m), Z(m)) µ
 −
∫
M
〈
Y(m), (VJ)φ(m)
(
Z(m))〉 µ
 −〈Y, (VJ)φ(Z)〉Ad,
(3.17)
where in the last stepweused the natural pairing 〈·, ·〉Ad : Γ∞(AdP)×Γ∞(Ad∗P) →
R discussed in Example 2.5. Summarizing, we get
Y∗ Ω + 〈Y, (VJ)∗〉Ad  0. (3.18)
Keeping in mind that (VJ)∗ ◦ φ is the derivative of J∗ : F → gau∗(P) at φ ∈ F , we
read off the momentum map for the group of gauge transformation.
Proposition 3.2 Let P → M be a principal G-bundle over the closed manifold M
endowed with a volume form µ. Let F  P ×G F be a symplectic fiber bundle modeled
on the Hamiltonian G-manifold (F, ω, J). The momentum map for the action of the
group Gau(P) of gauge transformations on the space F of sections of F is given by
JGau : F → gau∗(P), φ 7→ J∗φ. (3.19)
Here, gau∗(P)  Γ∞(Ad∗P) is dual to gau(P) by the integration pairing 〈 · , · 〉Ad
introduced in Example 2.5 and, moreover, J  idP ×G J : F→ Ad∗P is the bundle map
induced by J. That is,〈
Y,JGau(φ)
〉
Ad 
∫
M
〈
Y(m), (idP ×G J) ◦ φ(m)
〉
µ(m) (3.20)
for all Y ∈ gau(P). ♦
In special cases, similar expressions for the momentum map of the gauge
group were found in [CGS00, Remark 3.1] (on Riemann surfaces) and in [Mun00,
p. 4.2.2] (on Kähler manifolds), both in the context of Yang–Mills equations
coupled to matter fields.
Global Analysis of Symplectic Fiber Bundles 44
3.2.2 Momentum map for the diffeomorphism group
Let us now determine the momentum map for the action of the diffeomorphism
group of the base. In the computations belowwe use a dual pair κ(Diffµ,P(M),H)
but we do not specify H for the general case. The situations interesting to us
are treated explicitly later. In light of Proposition 2.35, it is enough to split the
infinitesimal sequence corresponding to (3.7) and subsequently determine the
‘partial’ momentum map. In the present setting, the associated sequence is
0→ gau(P) → autµ(P) → Xµ(M) → 0, (3.21)
which naturally splits (in the category of locally convex vector spaces, not as Lie
algebras) using a principal connection in P. Given a principal connection Γ in
P, let Γ : Xµ(M) → autµ(P) be the vector space homomorphism that assigns to a
vector field X ∈ Xµ(M) its horizontal lift Xh ∈ autµ(P). Recall that the curvature
of Γ is the obstruction for the lift Γ : Xµ(M) → autµ(P) to be a Lie algebra
homomorphism. By Proposition 2.35 applied to (3.21) with Γ : Xµ(M) → autµ(P)
as the splitting, the ‘partial’ momentum map JΓ : F → H has to satisfy
(Xh)∗ Ω + κ(X, δJΓ)  0, X ∈ Xµ(M) (3.22)
for a suitable dual pair κ(Diffµ,P(M),H). If we choose an extension ωˆ compatible
with the connection Γ, then the second term in (3.9) vanishes and thus (3.22)
simplifies to
(X µ) ∗ˆ ωˆ + κ(X, δJΓ)  0, X ∈ Xµ(M). (3.23)
In general, it is hard to determine the ‘partial’ momentum map for the diffeomor-
phism group, mainly because one has to describe the dual group of Diffµ,P(M)
rather concretely. For this reason, we will only study the momentum map for the
most important cases of volume-preserving and symplectic diffeomorphisms.
3.2.3 Momentum map for volume-preserving diffeomorphisms
Recall the exact sequence (3.7) and assume, for simplicity, that Diffµ,P(M) 
Diffµ(M). In Example 2.2 we showed that the dual group to Diffµ(M) is the group
of Cheeger–Simons differential characters Hˆ2(M,U(1)), which parametrizes
principal U(1)-bundles over M. Let κ(Diffµ(M), Hˆ2(M,U(1))) be the resulting
dual pair of Lie groups.
We continue towork in thegeneral settingwhere F  P×GF is an associatedfiber
bundle endowed with a fiber symplectic structure ω induced by a symplectic
form ω on F. Assume that (F, ω) has a G-equivariant prequantization U(1)-
bundle L → F with connection ϑ. That is, G acts on L by principal bundle
automorphisms covering the action on F, and the connection ϑ is G-invariant.
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Since G acts by bundle automorphisms, the actions of U(1) and G commute.
Consider the associated U(1)-bundle L .. P ×G L→ F  P ×G F. Since L→ M is
a fiber bundle with typical fiber L, the vertical subbundle VL  P ×G TL naturally
projects onto VF  P ×G TF. The G-equivariant U(1)-connection ϑ in L → F
yields an G-equivariant lift TF → TL and, thereby, induces a lift ϑ : VF → VL.
The principal G-connection Γ on P → M completes ϑ to a U(1)-connection ϑΓ in
L→ F. Indeed, the associated connection 1-form on L is, under the identification
TL  TP ×TG TL, given by
ϑΓ[p ,l]
( [
ZΓp + B
∗
p , ul
] ) .. ϑl(B∗l + ul), (3.24)
where ZΓp is a Γ-horizontal vector at the point p ∈ P, B ∈ g, and ul ∈ TlL. By
construction, ϑΓ coincides with ϑ on the vertical part and hence the curvature
FϑΓ of ϑΓ, seen as a 2-form on F, is an extension of the fiber symplectic structure
ω. In other words, (L, ϑΓ) yields a prequantization of the fiber symplectic bundle
(F, ω). We will set ωˆ  FϑΓ in the general theory discussed above. Moreover, as
discussed in Appendix D.1, the holonomy of (L, ϑΓ) yields a differential character
hΓ ∈ Hˆ2(F,U(1)).
The pull-back map
pbh : F → Hˆ2(M,U(1)), φ 7→ φ∗hΓ (3.25)
has logarithmic derivative (δpbh)φY  φ∗
((Y FϑΓ) ◦ φ)  φ∗ ((Y ωˆ) ◦ φ)
according to Proposition D.3. On the other hand, using (C.2), we evaluate
(X µ) ∗ˆ ωˆ on Y ∈ TφF to obtain((X µ) ∗ˆ ωˆ)φ(Y)  (−1)dimM−1 ∫
M
(X µ) ∧ φ∗ ((Y ωˆ) ◦ φ) . (3.26)
Thus we have
(X µ) ∗ˆ ωˆ  κ(X, δpbh), (3.27)
so that JΓ .. −pbh : F → Hˆ2(M,U(1)) satisfies the ‘partial’ momentum map
relation (3.23).
We finally gathered all the necessary ingredients to apply Propositions 2.35
and 2.36.
Theorem 3.3 (Momentum map in the volume-preserving case) Let pi : P → M
be a finite-dimensional principal G-bundle over the closed volume manifold (M, µ) and
assume that Diffµ,P(M)  Diffµ(M). Then the following holds:
(i) For everyHamiltonianG-manifold (F, ω, J), the spaceF of sections of the associated
symplectic fiber bundle (F  P ×G F, ω) is a symplectic Fréchet manifold with
weak symplectic form Ω  µ ∗ˆ ω.
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(ii) Choose a principal connection Γ in P. Assume that (F, ω) has a G-equivariant
prequantization U(1)-bundle L and denote the resulting prequantization differ-
ential character of (F, ω) by hΓ ∈ Hˆ2(F,U(1)). The group Autµ(P) of bundle
automorphisms, whose induced base diffeomorphisms are volume-preserving, acts
symplectically on (F ,Ω) and has a group-valued momentum map
JAut : F → gau∗(P) × Hˆ2(M,U(1)), φ 7→ (J∗φ,−φ∗hΓ). (3.28)
This momentum map is equivariant relative to the natural actions of Autµ(P) (see
Example 2.30).
(iii) A lift χ : Diffµ(M) → Autµ(P) of the group of volume-preserving diffeomorphisms
to principal bundle automorphisms (this is a section of the projection in (3.7))
yields a symplectic group action of Diffµ(M) on F with Hˆ2(M,U(1))-valued
momentum map
JDiff : F → Hˆ2(M,U(1)), φ 7→ −φ∗hΓ + ι ◦ τ∗Γ,χ ◦ J∗(φ). (3.29)
Here, ι : hˆ2(M,U(1)) → Hˆ2(M,U(1)) denotes the natural inclusion of topological
trivial bundles (see Appendix D.2). Moreover, τ∗Γ,χ : gau
∗(P) → hˆ2(M,U(1))
denotes the adjoint of τΓ,χ .. χ′ − Γ : Xµ(M) → gau(P) with respect to the dual
pairs κ(Xµ(M), hˆ2(M,U(1))) and 〈gau(P), gau∗(P)〉Ad. Furthermore, JDiff does
not depend on the connection Γ that was used in the construction. ♦
Remark 3.4 In order to illustrate the meaning of the map τΓ,χ and its adjoint, we
compute it for the SL(n ,R)-frame bundle pi : LM→M. Every volume-preserving
diffeomorphism φ lifts in a natural way to a diffeomorphism
χ(φ)  φˆ : LM → LM, um 7→ Tmφ ◦ um , (3.30)
wherewe view a frame um ∈ LmM as a linear isomorphism um : Rn→ TmM. Thus
the frame bundle comes equipped with a natural lift χ : Diffµ(M) → Autµ(LM).
Of course, we also get an induced lifting map for vector fields, which we write as
χ′ : Xµ(M) 3 X 7→ Xˆ ∈ autµ(LM).
Recall that there exists a natural 1-form θ ∈ Ω1(LM,Rn) defined by (see [KN63,
Section III.2])
θ(Zu)  u−1 ◦ Tupi(Zu), Zu ∈ Tu(LM). (3.31)
The form θ is invariant under naturally lifted vector fields, i.e., LXˆθ  0.
Let α ∈ Ω1(LM, sl(n ,R)) be a principal connection 1-form on the bundle
LM→ M and denote by Γ the associated horizontal lift. The associated covariant
derivative on the tangent bundle TM → M is defined by (see [KN63, Lemma on
p. 133])
∇YX .. u ◦ YˆΓu (θ(Xˆ)), u ∈ LM, (3.32)
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where YˆΓ denotes the Γ-horizontal lift of Y ∈ X(M). The torsion tΓ ∈ Ω2(LM,Rn)
of Γ is given as the covariant derivative of θ. The structure equation (see [KN63,
Theorem III.2.4]) allows us to write
tΓ(Z1, Z2)  dθ(Z1, Z2) + α(Z1) · θ(Z2) − α(Z2) · θ(Z1), (3.33)
where the · in the last two terms denotes the natural action of sl(n ,R) on Rn . We
evaluate this expression for the case where Z1  Xˆ ∈ X(LM) is the natural lift of
X ∈ X(M) and Z2  YˆΓ ∈ X(LM) is the horizontal lift of Y ∈ X(M):
tΓ
(
Xˆ, YˆΓ
)
 dθ
(
Xˆ, YˆΓ
)
+ α(Xˆ) · θ (YˆΓ)
 −YˆΓ d(Xˆ θ) + α(Xˆ) · u−1(Y)
 −u−1(∇YX) + α(Xˆ) · u−1(Y),
(3.34)
where we used LXˆθ  0. On the other hand, for τΓ,χ  χ′ − Γ, we have
τΓ,χ(X)  α
(
τΓ,χ(X)
)
 α
(
Xˆ − XˆΓ)  α(Xˆ). (3.35)
Combining both equations, we get
u
(
τΓ,χ(X) · u−1(Y))  u ◦ tΓ (Xˆ, YˆΓ) + ∇YX
 ∇XY − [X,Y]. (3.36)
Thus, for torsion-free connections, we identify τΓ,χ with the covariant derivative
τΓ,χ : Xµ(M) → Γ∞(T∗M ⊗ TM), X 7→ ∇X. (3.37)
For a section s of TM ⊗ T∗M → M, the covariant derivative ∇s is a section of
(TM ⊗ T∗M) ⊗ T∗M→ M. We obtain a 1-form c(∇s) by contracting the first with
the last component (i.e., the vector component with the “derivative” component;
in Penrose’s abstract index notation c(∇s)i  ∇ js j i). The identity
div(X s)  〈∇X, s〉 + X c(∇s) (3.38)
yields the following expression for the adjoint operator of τΓ,χ:
τ∗Γ,χ : Γ
∞(TM ⊗ T∗M) → Ω1(M)/dΩ0(M), s 7→ −[c(∇s)]. (3.39)
♦
Remark 3.5 (Momentum map in the classical sense) If we compose the mo-
mentum map JDiff : F → Hˆ2(M,U(1)) with the curvature map Hˆ2(M,U(1)) →
Ω2(M,R), then we recover Donaldson’s expression for the "momentum map"
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[Don03, Equation 8]1
F → Ω2(M,R), φ 7→ −φ∗ωˆ + d(τ∗Γ,χ ◦ J∗(φ)) . (3.40)
Note, however, that Ω2(M,R) is not the dual of the Lie algebra Xµ(M). In fact,
it is only the dual of the Lie algebra of exact volume-preserving vector fields.
Thus, (3.40) does not yield a bona-fidemomentummap for the action of Diffµ(M).
Although we were able to determine a group-valued momentum map for
the diffeomorphism action under rather weak assumptions on the fiber model
(F, ω), a momentum map in the classical sense exists only under certain topological
conditions on the fiber bundle F. Indeed, a necessary and sufficient condition for
the existence of a momentum map J : F → (Xµ(M))∗ is that the obstruction
map Xµ(M)/[Xµ(M),Xµ(M)] → H1(F ,R) sending the class of X ∈ Xµ(M) to
the cohomology class of X∗ Ω is identically zero (see, for example, [OR03,
Proposition 4.5.17]).
Suppose we have a lift χ : Diffµ(M) → Autµ(P). Then there is an induced
lifting map for vector fields, which we write as Xµ(M) 3 X 7→ Xˆ ∈ autµ(P). Let
us assume2 that Xˆ is horizontal with respect to a principal connection on P→ M
compatible with the extension ωˆ and that Diffµ,P(M)  Diffµ(M). In this setting,
the obstruction to the existence of a classical momentum map takes the form
HdimM−1(M,R) → H1(F ,R), [α] 7→ [α] ∗ˆ [ωˆ], (3.41)
where we used the isomorphism Xµ(M)/[Xµ(M),Xµ(M)] 3 [X] 7→ [X µ] ∈
HdimM−1(M,R), see [Ban97, Theorem 1.4.3]. We do not know what are the
minimal conditions guaranteeing that the above obstruction (3.41) vanishes.
Clearly, this is the case if the corresponding cohomology class of M vanishes.
However, this is a rather strong topological assumption. ♦
Remark 3.6 (Topological data contained in the group-valued momentum map)
The Hˆ2(M,U(1))-valued momentum map contains two types of information.
First, the curvature as a geometric datum essentially corresponds to the classical
momentum map as discussed in Remark 3.5 above.
Second, the group-valued momentum map also yields topological classes that
are not present in the classical momentum map. The Chern class
c(JDiff(φ))  −φ∗c(hΓ) (3.42)
can be viewed as an obstruction to the existence of a classical momentum map.
Indeed, if a classical momentum map with values inΩ1(M)/dΩ0(M) exists, then
1 Actually, Donaldson’s expression for the momentum map differs by a sign, which comes from
the fact that in [Don03] the diffeomorphism group acts via a right action on the section space.
2 These assumptions are satisfied, for example, for the trivial bundle F  M × F→ M.
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its composition with the inclusion ι : Ω1(M)/dΩ0(M) → Hˆ2(M,U(1)) (see (D.6))
is a group-valued momentum map whose Chern class vanishes, because the
image of ι lies in the kernel of the Chern class map c.
If the Chern class is trivial, then a secondary topological class related to the
equivariance of the momentum map appears. This secondary class has its origin
in the short exact sequence from (D.6)
0 Ω1(M)/Ω1cl,Z(M) Hˆ2(M,U(1)) H2(M,Z) 0.ι c (3.43)
Exactness implies that the kernel of the characteristic class map c is isomorphic
to Ω1(M)/Ω1cl,Z(M). However, this isomorphism is not canonical and involves a
choice. For example, we may choose a basis of the singular homology H1(M,Z)
given by piece-wise smooth loops γi . The curvature of a differential character
h ∈ Hˆ2(M,U(1)) with trivial Chern class is an exact 2-form, say curv h  dαh .
The primitive αh is uniquely determined, modulo Ω1cl,Z(M), by the requirement
that exp
(
2pii
∫
γi
αh
)
 h(γi) for all i. By construction, the map ι−1γ : h 7→ [αh] is
inverse to ι and thus yields the claimed isomorphism Ker c → Ω1(M)/Ω1cl,Z(M)
of Abelian Lie groups.
Given an Hˆ2(M,U(1))-valued momentummap J , whose image is contained in
Ker c, the compositionJγ  ι−1γ ◦J is aΩ1(M)/Ω1cl,Z(M)-valuedmomentummap,
i.e., almost a classical momentum map. Note that, even though J is equivariant
with respect to pull-backs by diffeomorphisms, the reduced momentum map
Jγ is no longer equivariant, because the loops γi are also affected by the
diffeomorphism. The obstruction for the equivariance is the class in H1(M,U(1))
given by evaluating h on the generators γi . We note that the same construction
goes through in the slightly more general case, where the Chern class does not
vanish but where it is a torsion class1 (because then the curvature is an exact
form as well).
We return to this secondary topological class in Chapter 4, where we recover,
as an example, the Liouville class of a Lagrangian embedding.
In summary, if an equivariant Hˆ2(M,U(1))-valued momentum map exists,
then the existence of a classical equivariant momentummap is obstructed by two
topological classes: the Chern class in H2(M,Z) and a class in H1(M,U(1)). ♦
3.2.4 Momentum map for symplectomorphisms
Let M be a closed 2n-dimensional manifold endowed with a symplectic form
σ. The Liouville volume form is denoted by µσ  σn/n!. Instead of the exact
1 An element c ∈ Hk(M,Z) is called a torsion class if it belongs to the subgroup
ExtAb(Hk−1(M,Z),Z) ⊆ Hk(M,Z).
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sequence (3.7), we consider the exact sequence
id→ Gau(P) → Autσ(P) → Diffσ,P(M) → id, (3.44)
where Autσ(P) is the group of automorphisms of the bundle P → M whose
induced diffeomorphisms on the base p reserve σ. We assume that Diffσ,P(M) 
Diffσ(M). The momentummap is determined similarly to the volume-preserving
case. Indeed, we only need to replace the dual pair κ(Diffµ(M), Hˆ2(M,U(1))) by
the dual pair κ(Diffσ(M), Hˆ2n(M,U(1))) appearing in Example 2.3.
Assume that σ is prequantizable and choose a prequantization circle bundle
with connection hσ ∈ Hˆ2(M,U(1)). As above, we assume that (F, ω) has a G-
equivariant prequantization bundle L. A principal connection Γ in P→ M yields
a prequantization hΓ ∈ Hˆ2(F,U(1)) of the symplectic fiber bundle (F, ω). We claim
that the ‘partial’ momentum map JΓ : F → Hˆ2n(M,U(1)) assigns to a section φ
the degree 2n-bundle −φ∗hΓ ? hn−1σ , where the star product extends the wedge
product to differential characters and the power n − 1 should also be understood
in this sense, see (D.23). In order to verify that the ‘partial’ momentum map
relation, cf. (3.23),
(X µσ) ∗ˆ ωˆ + κ(X, δJΓ)  0, X ∈ Xσ(M) (3.45)
holds, we first observe that JΓ is the composition of the pull-back map pbhΓ with
the Lie group homomorphism
Hˆ2(M,U(1)) → Hˆ2n(M,U(1)), h 7→ h ? hn−1σ . (3.46)
The corresponding Lie algebra homomorphism is given by α 7→ α∧σn−1, because,
using the properties listed in Appendix D.2, we have
ι(α)? hn−1σ  ι(α ∧ curv hn−1σ ). (3.47)
Using the distribution law of the logarithmic derivative over Lie group homo-
morphisms [Nee06, Proposition II.4.1.1], we thus get
κ
(
X, δφJΓ(Y)
)
 − (−1)
dimM−1
(n − 1)!
∫
M
(X σ) ∧ φ∗ ((Y ωˆ) ◦ φ) ∧ σn−1
 − (−1)dimM−1
∫
M
(X σ) ∧ σ
n−1
(n − 1)! ∧ φ
∗ ((Y ωˆ) ◦ φ)
 − (−1)dimM−1
∫
M
(X µσ) ∧ φ∗ ((Y ωˆ) ◦ φ) ,
 − ((X µσ) ∗ˆ ωˆ)φ(Y),
(3.48)
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where the last equality follows from (C.2). This completes the proof that JΓ
satisfies the ‘partial’ momentum map relation (3.45). Thus, Propositions 2.35
and 2.36 yield the following.
Theorem 3.7 (Momentum map in the symplectic case) Let pi : P → M be a finite-
dimensional principal G-bundle over the closed 2n-dimensional symplectic manifold
(M, σ) and assume that Diffσ,P(M)  Diffσ(M) in the exact sequence (3.44). Let
µσ .. σn/n! be the Liouville volume form on M. Then the following holds:
(i) For everyHamiltonianG-manifold (F, ω, J), the space of sectionsF of the associated
symplectic fiber bundle (F  P ×G F, ω) is a symplectic Fréchet manifold with
symplectic form Ω  µσ ∗ˆ ω.
(ii) Choose a principal connection Γ in P → M. Assume that (F, ω) has a G-
equivariant prequantization U(1)-bundle L and denote the resulting prequanti-
zation differential character of (F, ω) by hΓ ∈ Hˆ2(F,U(1)). Assume that σ has
a prequantization hσ ∈ Hˆ2(M,U(1)). The group Autσ(P) of bundle automor-
phisms whose induced base diffeomorphisms preserve the symplectic form σ acts
symplectically on (F ,Ω) and has a group-valued momentum map
JAut : F → gau∗(P) × Hˆ2n(M,U(1)), φ 7→ (J∗φ,−φ∗hΓ ? hn−1σ ). (3.49)
This momentum map is equivariant relative to the natural actions of Autσ(P)
(compare Example 2.30).
(iii) A lift χ : Diffσ(M) → Autσ(P) of the group of symplectomorphisms to principal
bundle automorphisms (this is a section of the projection in (3.44)) yields a
symplectic group action of Diffσ(M) onF with Hˆ2n(M,U(1))-valued momentum
map
JDiff : F → Hˆ2n(M,U(1)), φ 7→ −φ∗hΓ ? hn−1σ + ι ◦ τ∗Γ,χ ◦ J∗(φ). (3.50)
Here, ι : hˆ2n(M,U(1)) → Hˆ2n(M,U(1)) denotes the natural inclusion of topologi-
cal trivial bundles (see Appendix D.2). Moreover, τ∗Γ,χ : gau
∗(P) → hˆ2n(M,U(1))
denotes the adjoint of τΓ,χ  χ′ − Γ : Xσ(M) → gau(P) with respect to the dual
pairs κ(Xσ(M), hˆ2n(M,U(1))) and 〈gau(P), gau∗(P)〉Ad. Furthermore,JDiff does
not depend on the connection Γ that was used in the construction. ♦
Remark 3.8 (Momentummap in the classical sense) Consider the case of a trivial
bundle F  M × F→ M. In this setting the term involving τΓ,χ vanishes. After
composing the momentum map JDiff : F → Hˆ2n(M,U(1)) with the curvature
Hˆ2n(M,U(1)) → Ω2n(M,R)we get the map
F → Ω2n(M,R), φ 7→ −φ∗ωˆ ∧ σn−1. (3.51)
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Donaldson [Don00, Proposition 3] found that this map is the momentum map
for the action of the symplectomorphism group under certain topological conditions
onM. However, we remark again thatΩ2n(M,R) is not the dual of the Lie algebra
of symplectic vector fields Xσ(M) but that it is only the dual of the space of
Hamiltonian vector fields.
The existence of a momentum map in the classical sense is again obstructed
by a map on the Abelianization of Xσ(M). The map Xσ(M)/[Xσ(M),Xσ(M)] 3
[X] 7→ [X σ] ∈ H1(M,R) is an isomorphism; see, [Ban97, Theorem 1.4.3]. In
particular, if H1(M,R) is trivial, then a classical momentum map exists. ♦
4 Applications
4.1 Trivial bundle case
Let M be a closed manifold endowed with a volume form µ. We are interested
in the space of smooth maps F  C∞(M, F) from M to a given Hamiltonian
G-manifold (F, ω, J). Of course, this set-up fits in the general theory developed
in Chapters 2 and 3 by thinking of F as the space of sections of the trivial bundle
M × F. The symplectic form on F is expressed in this case as
Ωφ(Y1,Y2) 
∫
M
ωφ(Y1,Y2)µ. (4.1)
We consider the two natural actions
C∞(M,G) × F → F , ψ · φ  ψ ·G φ,
Diffµ(M) × F → F , ϕ · φ  φ ◦ ϕ−1, (4.2)
where ·G denotes the G-action on F. If (F, ω) has a G-equivariant prequantum
bundle (L, ϑ), then, by Theorem 3.3, the above actions have group-valued
momentum maps
F
C∞(M, g∗) Hˆ2(M,U(1))
JG JDiffµ (4.3)
given by
JG(φ)  J ◦ φ, JDiffµ(φ)  −φ∗[L, ϑ]. (4.4)
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Moreover, if the symplectic form is exact, say ω  dϑ, then the Diffµ-action
admits an ordinary momentum map
JDiffµ : F → Ω1(M)/dΩ0(M), φ 7→ −[φ∗ϑ]. (4.5)
Remark 4.1 (Extension to the action of Diffω(F)) The group Diffω(F) of symplec-
tomorphisms leaves the symplectic form on F invariant and thus it is natural
to seek a momentum map for it. This corresponds to replacing Autµ(P) by
Autµ,ω(F) in the general theory outlined in the previous chapter. However, we
are confronted with serious problems if we try to determine the momentum
map in this generality: Such a momentum map would take values in the distri-
butional dual. As shown in [GV12], the action of the subgroup of Hamiltonian
diffeomorphisms of F admits a momentum map J : F → ham(F, ω)∗ satisfying
〈Xh ,J (φ)〉 
∫
M(φ∗h) µ, after choosing a basis inH0(F,R) to identifyHamiltonian
vector fields with smooth functions. However, the functional
Tφ : C∞(F,R) → R, h 7→
∫
M
(φ∗h) µ (4.6)
is usually not regular, i.e. not represented by integration against a smooth
function on F. For example, if M is the one-point space {x}, then Tφ is the delta
distribution at the point φ(x). The distributional character of the momentum
map for the Diffω(F)-action is not surprising. Conceptually, the momentum map
is the push-forward of µ, and the push-forward of a differential form into a
higher-dimensional manifold results in a distributional functional.
In order to apply the same strategy as in the general theory above, we would
need a Lie group whose Lie algebra consists of distributions; or, even better, we
would need “distributional line bundles”, i.e., singular bundles whose curvature
is a distribution. ♦
4.1.1 Hydrodynamics
The Lie group-valued momentum map can be used to construct a generalized
Clebsch representation of a vector field that cannot be expressed in terms of
classical Clebsch variables.
Let us start by recalling the usual setting. Let M be a compact 3-dimensional
orientable boundaryless Riemannian manifold, oriented by the Riemannian
volume form µ. For simplicity, we also assume that M is connected. Euler’s
equation for an incompressible perfect fluid on M is
∂tv + ∇vv  −grad p (4.7)
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for v ∈ X(M) subject to the incompressibility condition Lvµ  0 (i.e., divµ v  0).
By taking the Riemannian dual and using the identity
Lv(v[)  (∇vv)[ + 12 d‖v‖
2 (4.8)
we can express Euler’s equation as{
∂tα + Lvα  dp˜ ,
v[  α,
(4.9)
where p˜ .. −p + 12 ‖v‖2. The Hodge decomposition Ω1(M)  Ker d∗ ⊕ Im d
(which is L2-orthogonal) shows that the projection prKer d∗ onto the kernel of the
codifferential induces an isomorphism between divergence free vector fields and
Ω1(M)/dΩ0(M). The resulting isomorphism
A : Xµ(M) 3 v 7→
[
v[
] ∈ Ω1(M)/dΩ0(M) (4.10)
is called the inertia operator. This allows us to view Euler’s equation as a dynamical
system on Ω1(M)/dΩ0(M): {
∂t[α] + Lv[α]  0
A(v)  [α]. (4.11)
It turns out that these equations are a Lie-Poisson system for the Hamiltonian
H([α])  12
∫
M
A−1[α]2µ, see [MW83].
Clebsch variables give a parametrization of [α] ∈ Ω1(M)/dΩ0(M) in such a
way that Euler’s equation is cast into a classical (i.e., symplectic) Hamiltonian
form. We refer the reader to [GV12; MW83] for more details on the following
geometric construction of the classical Clebsch representation. Let (F, ω  dϑ)
be an exact symplectic manifold of dimension 2 and let F denote the space of
smooth functions from M to F. As we have seen in (4.5), the map
J : F → Ω1(M)/dΩ0(M), φ 7→ −[φ∗ϑ] (4.12)
is an equivariant momentum map for the action of Diffµ(M) on F . Since an
equivariant momentum map is Poisson, J maps solutions of the Hamiltonian
system (F ,Ω,H ◦ J ) to solutions of Euler’s equation. For the velocity field, J
gives the following representation in terms of Clebsch variables:
v[  −prKer d∗φ∗ϑ  −φ∗ϑ + d f , (4.13)
where f ∈ C∞(M) ensures that the resulting vector field is divergence free (such
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a function always exists by the Hodge decomposition Ω1(M)  Ker d∗ ⊕ Im d).
For example, in the case F  R2 with ϑ  −x dy we obtain
v[  φ1 dφ2 + d f , (4.14)
which is the classical Clebsch representation for the velocity field [Cle57; Cle59].
If a vector field admits a representation in terms of Clebsch variables, then its
helicity has to vanish. Indeed, since dim F  2 and ∂M  , we have
Hel(v) ..
∫
M
v[ ∧ dv[ 
∫
M
φ∗(ϑ ∧ dϑ)  0. (4.15)
Helicity measures the linkage and/or knottedness of vortex lines. Hence the
helicity constraint implies that topological non-trivial vector fields do not admit
a classical Clebsch representation.
We show in the rest of this subsection how the group-valued momentum
map gives a generalized Clebsch representation for vector fields with integral
helicity. We continue to work in the general setting where (M, µ) is a compact
3-dimensional manifold endowed with a volume form µ and where (F, ω) is
a 2-dimensional symplectic manifold. However, instead of requiring that ω is
exact, we now only assume that it has integral periods. Thus, there exists a
prequantum U(1)-bundle L→ F with connection ϑ and curvature ω. By (4.4) in
Section 4.1, the group-valued momentum map for the Diffµ(M)-action is given
by
J : F → Hˆ2(M,U(1)) φ 7→ −φ∗[L, ϑ]. (4.16)
Suppose there exists φ0 ∈ F such that the pull-back bundle φ∗0L over M is trivial.
Then also for every φ ∈ F in the connected component Fφ0 of φ0, the bundle φ∗L
is trivial, because the composition
F Hˆ2(M,U(1)) H2(M,Z)J c (4.17)
is a continuous map. Hence the restriction JFφ0 of J to Fφ0 takes values in
c−1(0) ' Ω1(M)/Ω1cl,Z(M). By duality, we get the following generalized Clebsch
representation of a vector field
v[  −φ∗ϑ + ν, (4.18)
where ν ∈ Ω1cl,Z(M) and, with a slight abuse of notation, φ∗ϑ denotes the 1-form
on M that is induced by the pull-back connection φ∗ϑ in the trivial bundle φ∗L.
We note that Euler’s equation descend to Ω1(M)/Ω1cl,Z(M). In fact, the Lie
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derivative of a 1-form β with integral periods is exact since∫
γ
LXβ 
d
dε

ε0
∫
FLXε (γ)
β
︸¨¨︷︷¨¨︸
∈Z
 0 (4.19)
for every closed curve γ in M. Thus Euler’s equation (4.11) implies that the
class [β] ∈ Ω1cl,Z(M)/dΩ0(M) ' H1(M,Z) is constant in time, and that thus the
interesting part of the motion takes place in Ω1(M)/Ω1cl,Z(M). We note, however,
that it is only possible to define an inertia operator Ω1(M)/Ω1cl,Z(M) → Xµ(M)
for small times since the principal bundle H1(M,R) → H1(M,R)/H1(M,Z) is
only locally trivial.
In order to show that the helicity of a vector field admitting a generalized
Clebsch representation has to be an integer, we start with the following general
remarks about the helicity. On abstract grounds, the helicity functional is defined
by
Hel : Ω1(M) 3 α 7→
∫
M
α ∧ dα ∈ R. (4.20)
Note that Hel vanishes on closed forms. If one forgets the hydrodynamical
context for a moment, then one would mistake such an expression as the Abelian
Chern–Simons functional of a trivial bundle. In fact, the similarity between
helicity and Chern–Simons theory was already pointed out previously in [LR12].
The Chern–Simons functional admits a well-known generalization to non-trivial
circle bundles; see, e.g., [FMS07, Eq. 1.28]. In fact, for a differential character
h ∈ Hˆ2(M,U(1)), the square h ? h ∈ Hˆ4(M,U(1)) is a group homomorphism
Z3(M,Z) → U(1). We can evaluate it, in particular, on the 3-cycle M. Writing the
evaluation as integration in order to keep the similarity with (4.20), we obtain
the generalized helicity (or generalized Chern–Simons functional)
Hel : Hˆ2(M,U(1)) 3 h 7→
∫
M
h ? h ∈ U(1). (4.21)
The properties of the star product (see Appendix D.2) yield the following
commutative diagram connecting the ordinary helicity with its generalized
version:
Ω1(M)/Ω1cl,Z(M) R
Hˆ2(M,U(1)) U(1).
Hel
ι exp
Hel
(4.22)
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We finally observe that the generalized helicity of elements in the image of the
group-valued momentum map J vanishes, due to a dimension count similar to
the one leading to the identity (4.15), namely,
(Hel ◦J )(φ)  Hel(−φ∗[L, ϑ]) 
∫
M
(φ∗[L, ϑ])? (φ∗[L, ϑ])

∫
M
φ∗([L, ϑ]? [L, ϑ])  1.
(4.23)
Hence, the commutative diagram (4.22) implies that the ordinary helicity of
φ∗ϑ has to be an integer. In other words, a vector field admitting a generalized
Clebsch representation of the form (4.18) must have integral helicity.
We thus arrive at the following.
Theorem 4.2 Let (M, µ) be a compact 3-dimensional manifold endowed with a volume
form µ. A solution v(t) ∈ Xµ(M) of Euler’s equation (4.7) for an incompressible perfect
fluid on M projects via Xµ(M) 3 v 7→
[
v[
] ∈ Ω1(M)/Ω1cl,Z(M) to a solution of the
system {
∂t[α] + Lv[α]  0,
[α]  [v[] . (4.24)
on Ω1(M)/Ω1cl,Z(M).
Let (F, ω) be a 2-dimensional symplectic manifold that has a prequantum U(1)-bundle
L→ F with connection ϑ. The natural action of Diffµ(M) on F  C∞(M, F) preserves
the symplectic form µ ∗ˆ ω and has a group-valued momentum map
J : F → Hˆ2(M,U(1)), φ 7→ −φ∗[L, ϑ]. (4.25)
Moreover, assume there exists φ0 ∈ F such that the pull-back bundle φ∗0L over M is
trivial. Then the restriction of J to the connected component Fφ0 of φ0 takes values
in Ω1(M)/Ω1cl,Z(M) and yields generalized Clebsch variables for the projected Euler
equation (4.24) in the sense of (4.18). Every vector field admitting such a generalized
Clebsch representation has integral helicity. ♦
Example 4.3 For concreteness, let M  S3, and consider F  S2 endowed
with its usual normalized volume ω. We take the Hopf bundle (L, ϑ) as the
prequantization of (S2, ω). Since S3 has trivial cohomology in degree 2, the
pull-back of L by every map φ : S3 → S2 is trivial. Many interesting and
topological non-trivial knots on S3 can be constructed from the pull-back of ϑ by
a special choice of φ. For example, the Hopf vector field [AK98, Example III.1.9]
corresponds to the classical Hopf fibration
φ : C2 ⊇ S3 3 (z1, z2) 7→ [z1 : z2] ∈ CP1 ' S2. (4.26)
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Other knots that can be realized in this way include the figure of eight knot,
linked rings, and the trefoil knot, among others; see [Ked+16] for details. The
helicity of such vector fields coincides with the Hopf invariant of φ. Hence,
these knots have a non-vanishing but integral helicity. Hence they do not admit a
classical Clebsch representation, but have, by construction, a generalized Clebsch
representation. ♦
The following example suggests that not every vector fieldwith integral helicity
admits a generalized Clebsch representation and that one might need to replace
the symplectic manifold F by a singular symplectic stratified space to ensure
such a representation for every vector field with integral helicity.
Example 4.4 Consider the vector field v  A sin z ∂x +A cos z ∂y onR3. Since v is
2pi-periodic, it naturally lives on the torusM  T3. Note that v is a special case of
an Arnold–Beltrami–Childress (ABC) flow with B  0  C in the usual notation.
In particular, v provides an example for a simple steady-state solution of Euler’s
equation. The vorticity of v is given by ω  A cos z dz ∧ dx + A sin z dy ∧ dz, so
that its helicity is
Hel(v) 
∫
T3
v[ ∧ ω 
∫
T3
A2 vol  A2 vol(T3). (4.27)
Seen as a vector field on R3, we can represent v as
v[  f dg + dh ,

f  y sin z − x cos z ,
g  z ,
h  x sin z + y cos z.
(4.28)
The pair ( f , g), seen as a map R3 → R2, is Z3-equivariant with respect to the
natural action on R3 and the twisted action on R2, where the group element
(n1, n2, n3) ∈ Z3 acts by
R2 3 (u , v) 7→ (2pin2 sin v − 2pin1 cos v , v + 2pin3) ∈ R2. (4.29)
Let F  R2/Z3 be the orbit space. The representation (4.28) suggests that the
induced map ( f , g) : T3 → F yields generalized Clebsch variables for v. Note,
however, that the Z3-action on R2 is not free and that the orbit space F thus has
singularities. ♦
Remark 4.5 The classical Clebsch representation admits a natural generalization
(sometimes called a Weber–Clebsch representation)
v[ 
∑
i
φi dψi + d f , (4.30)
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where one allows for multiple potentials, see e.g. [GH00]. In our setting, this
corresponds to considering higher-dimensional symplectic manifolds F. We
claim that every vector field admits a generalized Clebsch representation if we
allow higher-dimensional targets F. To see this, let v be a vector field on M
and let v[ ∈ Ω1(M) be the associated 1-form. We may view v[ as a connection
1-form on the trivial bundle L  M ×U(1) → M. The theory of universal bundles
[NR61, Theorem 1] entails that there exists a smooth map φ : M → CPN for
sufficient large N such that the bundle (L, v[)with connection is isomorphic to
the pull-back of the canonical bundle over CPN endowed with the canonical
connection ϑcan. Hence, there exists a gauge transformation f ∈ C∞(M,U(1)) of
L such that
v[  φ∗ϑcan + δ f , (4.31)
where we again identified the connection φ∗ϑcan in the trivial bundle L with a
1-form on M. ♦
4.1.2 Isotropic and Lagrangian embeddings
By a slight modification of the previous set-up, the moduli space of Lagrangian
embeddings can be realized as a symplectic quotient. Let (S, µ) be a closed
manifold with volume form, and let (M, ω) be a symplectic manifold. Since
the space of smooth embeddings of S into M is an open subset of C∞(S,M)
[KM97, Theorem 44.1.], the symplectic form Ω  ω ∗ˆ µ on C∞(S,M) restricts to a
symplectic form on Emb(S,M). We assume that (M, ω) has a prequantization
bundle (L, ϑ). By (4.4), the momentum map for the action of Diffµ(S) is given by
JDiffµ : Emb(S,M) → Hˆ2(S,U(1)), ι 7→ −ι∗[L, ϑ]. (4.32)
Thus, the inverse image under JDiffµ of the normal subgroup of all flat circle
bundles on S consists precisely of isotropic embeddings. For dim(S)  dimM/2,
the set J −1Diffµ(flat) corresponds to Lagrangian embeddings. More generally, the
curvature −ι∗ω of JDiffµ(ι) vanishes if and only if ι is an isotropic embedding.
Nonetheless, the Chern class of ι∗[L, ϑ]may still be non-trivial in this case. The
exact sequence (D.6) implies that c(ι∗[L, ϑ]) has to be completely torsion. We
are not aware that this torsion class in H2(S,Z) is discussed anywhere in the
literature.
If the symplectic form is exact, say ω  dϑ, then the Chern class of ι∗[L, ϑ]
vanishes. Nonetheless, the group-valued momentum map contains secondary
topological data which corresponds to the well-known Liouville class as we
will see now. Indeed, then the line bundle (L, ϑ) is trivial so that the momen-
tum map takes values in the subgroup of topological trivial bundles. Hence
ι∗[L, ϑ] is completely characterized by its curvature ι∗ω and a class in the torus
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H1(S,R)/H1(S,Z); see (D.6). For an isotropic embedding ι, the curvature ι∗ω
vanishes and the topological class equals [ι∗ϑ] and hence it coincides with the
Liouville class of the embedding ι [BW97, p. 30].
Recall that an isotropic embedding is called prequantizable if its Liouville class
vanishes; see [BW97, Definition 4.4]. More generally, we say that an isotropic
embedding is torsion-free if the torsion class c(ι∗[L, ϑ]) in H2(S,Z) discussed above
vanishes. Summarizing, we arrive at the following correspondence:
Moduli space of Symplectic reduction J −1Diffµ(·)/Diffµ(S) at
Lagrangian embeddings flat bundles
Torsion-free Lagrangian embeddings flat and trivial bundles
Prequantizable Lagrangian embeddings 0
Here, we are a bit sloppy with the notion “moduli space”. As we only take
the quotient by the group Diffµ(S) ⊆ Diff(S), the resulting reduced space still
remembers the volume form. Hence, being more precise, the symplectic quotient
J −1Diffµ(·)/Diffµ(S) yields the moduli space of Lagrangian (or isotropic) weighted
submanifolds of type (S, µ).
In the case of an exact symplectic form, a non-equivariant momentum map
for the action of the diffeomorphism group Diffµ(S) is discussed in [MS99,
Example 5.32]. Recently, Gay-Balmaz and Vizman [GV19] showed that the
quotient of isotropic embeddings modulo volume-preserving diffeomorphisms
is indeed a symplectic manifold and that its connected components correspond to
coadjoint orbits ofHam(M, ω). These results are obtained under the additional
assumptions that the first cohomology group of S vanishes. It would be of
interest to study the symplectic quotient without this topological assumption
and search for relations with coadjoint orbits of the whole symplectomorphism
group. In light of our refined results, one would like to conclude:
Conjecture 4.6 The moduli space of weighted prequantizable Lagrangian
embeddings is a symplectic manifold whose connected components are related
to the coadjoint orbits of the symplectomorphism group. ♦
Moreover, it is an interesting question whether the moduli space of (torsion-
free) Lagrangian embeddings is also symplectic. A systematic study along the
same lines as [GV19] requires to develop the dual pair picture for group-valued
momentum maps.
4.2 Reduction of structure group
Geometric objects usually correspond to the reduction of a principal G-bundle
to a Lie subgroup H ⊆ G. In this setting, the fiber model F is the homogeneous
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space G/H. A section φ of the associated bundle F  P ×G (G/H) results in a
reduction of pi : P → M to the principal H-bundle
Qφ .. {p ∈ P | φ(pi(p))  [p , eH]} → M. (4.33)
Conversely, every reduction of P to a H-subbundle defines a section of F.
Let µ be a volume form on the base manifold M of P. If F  G/H is endowed
with a G-invariant symplectic form ω then, according to Proposition 3.1, the
space of H-reductions of P carries a natural symplectic structure Ω  µ ∗ˆ ω with
ω being the induced fiber symplectic structure on F. In this subsection, we
discuss the content of Theorem 3.3 for this particular setting.
4.2.1 Pull-back of prequantum bundles as associated bundles
As in the general case, assume that (F  G/H, ω, J) is a Hamiltonian G-space.
Let L → F be a G-equivariant prequantum bundle, and let L  P ×G L. As a
preparation, we now discuss how the pull-back bundle φ∗L can be identifiedwith
an associated bundle to Qφ for every section φ of F. Evaluating the momentum
map J : F→ g∗ at the point eH yields a Lie algebra homomorphism
J(eH)h : h→ R. (4.34)
It is a well-known fact in prequantization theory [Kos70, Theorem 5.7.1] that
G-equivariant prequantizations over G/H are in one-to-one correspondence with
Lie group homomorphisms ρ : H → U(1) integrating J(eH)h. Indeed, given an
equivariant prequantization bundle L, such a homomorphism can be extracted
from the circle action in the fiber over eH, that is
h · l  l · ρ(h), l ∈ LeH . (4.35)
Conversely, a Lie group homomorphism ρ : H → U(1) yields a G-equivariant
prequantization bundle with connection as the associated bundle L  G ×ρ U(1)
to the canonical principal H-bundle G→ G/H. The G-action on L is given by
left translation in the G-factor, i.e., g · [a , z]  [ga , z], and the connection 1-form
ϑ on L is defined by
ϑ[a ,z]
([a . A, v])  〈J(eH),A〉 + v , (4.36)
where A ∈ g and v ∈ Tz U(1) ' R.
Now we establish a natural isomorphism φ∗L ' Qφ ×ρ U(1). Since the left G-
and the rightH-actions onG commute, we can identify the bundle L  P×G L→ F
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with the quotient of P ×G×U(1) by the simultaneous actions of G andH, namely,
(p , a , z) · (g , h) .. (p · g , g−1ah , ρ(h−1)z) . (4.37)
From this viewpoint, the projection L→ F maps [p , a , z] to [p , aH]. Thus, for a
section φ of F→ M, the pull-back bundle is identified with
φ∗L  {(m , [p , a , z]) ∈ M × L | φ(m)  [p , aH]}. (4.38)
Recall that Qφ denotes the reduced H-bundle defined in (4.33).
Lemma 4.7 The map
φ∗L→ Qφ ×ρ U(1), (m , [p , a , z]) 7→ [p · a , z] (4.39)
is a principal bundle isomorphism over M. ♦
Proof. First, note that p · a ∈ Qφ, because
φ(pi(p · a))  φ(m)  [p , aH]  [p · a , eH]. (4.40)
Second, the definition of the map in (4.39) does not depend on the chosen
representative. Indeed, the point (m , [p · g , g−1ah , ρ(h−1)z]) is sent under (4.39)
to [p · gg−1ah , ρ(h−1)z]  [p · a , z]. Third, the vector bundle map
Qφ ×ρ U(1) → φ∗L, [q , z] 7→ (pi(q), [q , e , z]) (4.41)
is clearly inverse to (4.39), so that we obtain a principal bundle isomorphism
φ∗L ' Qφ ×ρ U(1), as claimed. 
The next lemma shows that this isomorphism also identifies the natural con-
nections on both bundles. Recall from (3.24) the connection ϑΓ on L constructed
from a connection Γ in P and the connection ϑ on L.
Lemma 4.8 Let Γ be a principal connection on P and assume that it reduces to a
connection on Qφ. Then the pull-back of the connection ϑΓ from L to φ∗L coincides with
the induced connection ρ∗Γ on the associated bundleQφ ×ρ U(1) under the identification
φ∗L ' Qφ ×ρ U(1) of Lemma 4.7. ♦
Proof. We have seen that L can be realized as the quotient of P × G ×U(1) by the
simultaneous actions of G and H. From this point of view, the connection ϑΓ on
L takes the form
ϑΓ[p ,a ,z]
([ZΓp + p . B, a . A, v])  ϑ[a ,z] (B . [a , z] + [a . A, v])
 ϑ[a ,z]
([a . Ad−1a B + a . A, v])
 〈J(eH),Ad−1a B + A〉 + v ,
(4.42)
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where p ∈ P, a ∈ G, z ∈ U(1), ZΓp ∈ TpP is horizontal, B ∈ g and z ∈ Tz U(1) ' R.
Note that the following diagram of fiber bundle morphisms is commutative
Qφ ×ρ U(1) φ∗L L
[q , z] (pi(q), [q , e , z]) [q , e , z]
pi(q) pi(q) [q , eH]
M M Fid
φ
(4.43)
Thus the pull-back of ϑΓ to Qφ ×ρ U(1) is given by
(φ∗ϑΓ)[q ,z]
([ZΓq + q . B, v])  ϑΓ[q ,e ,z] ([ZΓq + q . B, 0, v])  〈J(eH), B〉 + v. (4.44)
On the other hand, recall that J(eH)h is, by definition, the derivative of the Lie
group homomorphism ρ. Hence, the connection ρ∗Γ on Qφ ×ρ U(1) induced by
Γ satisfies
(ρ∗Γ)[q ,z]
([ZΓq + q . B, v])  Teρ(B) + v  〈J(eH), B〉 + v. (4.45)
Thus, the connections φ∗ϑΓ and ρ∗Γ coincide. 
Thus, we get the following as a special case of Theorem 3.3.
Theorem 4.9 (Momentummap for reductions of structure group) Let pi : P→ M
be a finite-dimensional principal G-bundle over the closed volume manifold (M, µ) and
assume that Diffµ,P(M)  Diffµ(M). Let H be a Lie subgroup of G and let ω be a
G-invariant symplectic form on G/H with equivariant momentum map J : G/H → g∗.
Then the following holds:
(i) The space F of reductions of P to a principal H-subbundle is a symplectic Fréchet
manifold with weak symplectic form Ω  µ ∗ˆ ω, where ω is the fiber symplectic
form on P ×G (G/H) induced by ω.
(ii) The group Autµ(P) of bundle automorphisms, whose induced base diffeomorphisms
are volume-preserving, acts symplectically on (F ,Ω). Moreover, for a principal
connection Γ in P that is reducible to each Qφ and for a Lie group homomorphism
ρ : H → U(1) integrating J(eH)h, the Autµ(P)-action on F has a group-valued
momentum map JAut : F → gau∗(P) × Hˆ2(M,U(1)) given by
JAut(φ) 
(
J∗φ,
[
Qφ ×ρ−1 U(1), (ρ−1)∗Γ
] )
, (4.46)
where J : P ×G (G/H) → Ad∗P is the bundle map induced by J. The momen-
tum map JAut is equivariant relative to the natural actions of Autµ(P) (see
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Example 2.30).
(iii) A lift χ : Diffµ(M) → Autµ(P) of the group of volume-preserving diffeomorphisms
to principal bundle automorphisms yields a symplectic group action of Diffµ(M)
on F with group-valued momentum map JDiff : F → Hˆ2(M,U(1)) given by
JDiff(φ) 
[
Qφ ×ρ−1 U(1), (ρ−1)∗Γ
]
+ ι ◦ τ∗Γ,χ ◦ J∗(φ), (4.47)
where ι : hˆ2(M,U(1)) → Hˆ2(M,U(1)) and τ∗Γ,χ : gau∗(P) → hˆ2(M,U(1)) are the
same maps as in Theorem 3.3. ♦
Clearly there is also a version of this theorem for symplectic base manifolds
similar to Theorem 3.7. We leave it to the interested reader to spell out the details.
In the following, we are interested in the special case where P is the frame
bundle of M so that there is a canonical lift of diffeomorphisms of M to bundle
automorphisms of P  LM. Thus, this setting falls in the realm of the last point
in Theorem 4.9.
4.2.2 Kähler geometry
Let (M, σ) be a symplectic 2n-dimensional manifold. We are interested in the
space I of almost complex structures compatible with σ, i.e., almost complex
structures J for which σ(·, J ·) is a Riemannian metric on M. Each compatible
almost complex structure on M gives rise to an almost Kähler manifold structure
onM and thus reduces the symplectic frame bundle LM→ M to an U(n)-bundle.
Hence I is identified with the space of sections of LM ×Sp(2n ,R) F with fiber model
F  Sp(2n ,R)/U(n). This homogeneous space F can be identified with the Siegel
upper half space and thus is a symplectic manifold.
To get some additional insight in the problem, we will follow [Ohs15; SV19]
and realize the Siegel upper half space as a symplectic quotient. Consider the
vector space M(2n × 2n ,R) of real 2n × 2n matrices endowed with the constant
symplectic form
ω(X,Y)  Tr(XTJY), (4.48)
where J denotes the standard symplectic matrix (whose right upper n × n-corner
is the identity). Left multiplication by Sp(2n ,R) leaves the symplectic form
invariant. Similarly, O(2n) acts by right multiplication by the inverse (so it is also
a left action), and this action is symplectic as well. These actions possess the
momentum maps
sp(2n ,R) M(2n × 2n ,R) o(2n)
−XXTJ X XTJX,
JOJSp
(4.49)
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where we identified the duals with the Lie algebras itself using the bilinear form
1
2 Tr(XYT). Note that U(n) is the stabilizer of J under the (co)adjoint action of
either Sp(2n ,R) or O(2n). Hence, we identify the symplectic quotients at J with
the spaces
J−1Sp (J)/Sp(2n ,R)J  O(2n)/U(n), J−1O (J)/O(2n)J  Sp(2n ,R)/U(n). (4.50)
It is intriguing that this duality on the level of momentum maps and symplectic
quotients corresponds to the two ways to get an almost Kähler manifold: start
either from a symplectic manifold or a Riemannian manifold, and then choose a
compatible almost complex structure.
Using the momentum maps, we can determine the prequantizations. For
this, recall from Subsection 4.2.1 that equivariant prequantization bundles over
the homogeneous space G/H are in bĳective correspondence with Lie group
homomorphisms ρ : H → U(1) integrating the Lie algebra homomorphism
J(eH)h : h→ R. In the present setting, we have JSp(e U(n))  −J  −JO(e U(n)).
The restriction of the corresponding functionals to u(n) yields the Lie algebra
homomorphism ∓12 Tr(J ·) : u(n) → R, which equals ±TrC : u(n) → iR when
u(n) is viewed as a subalgebra of complex matrices. Thus the integrating group
homomorphism is given by
ρ± : U(n) → U(1), A 7→ (detC A)±1. (4.51)
In our sign convention, ρ+ corresponds to JO while ρ− integrates JSp.
Let us now return to the non-linear setting given by a symplectic manifold
(M, σ) with associated symplectic frame bundle LM → M. For every almost
complex structure I on M, let LIM be the corresponding U(n)-reduction of LM
and let ΓI be the Levi-Civita connection, viewed as a connection on LIM. With a
slight abuse of notation, we also denote the extended connection onLM by ΓI . The
set I of almost complex structures compatible with σ is identified with the space
of sections of F  LM ×Sp(2n ,R) F with F  Sp(2n ,R)/U(n). As discussed above,
the fiber model F is a symplectic manifold and hence our general theory implies
that I is a symplectic manifold and that the group of symplectomorphisms
acts symplectically on it. According to Theorem 4.9, the momentum map for
the action of the group of symplectomorphisms involves the associated bundle
(LIM ×ρ−1− U(1), (ρ−1− )∗ΓI). The group homomorphism ρ−1− : U(n) → U(1) is
the determinant and thus the associated bundle LIM ×ρ−1− U(1) coincides with
the canonical circle bundle1 KIM endowed with its natural Chern connection
determined by the almost complex structure I. Moreover, note that the adjoint
1 Given an almost complex structure I onM, the complex line bundleΛn ,0M of holomorphic forms
is called the canonical line bundle and its dual Λ0,nM the anti-canonical line bundle. The volume
form σnn! is a non-vanishing section of Λ
n ,nM  Λn ,0M ⊗ Λ0,nM and thus can be viewed as a
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of τΓI ,χ : Xσ(M) → gau(LM) appears in the construction of the momentum map.
As shown in Remark 3.4, τ∗ΓI ,χ(s) involves the covariant derivative of s  J∗(I) and
thus this term vanishes, because I is parallel with respect to ΓI . To summarize,
we obtain an important special case of Theorem 4.9 (in its symplectic version
analogous to Theorem 3.7).
Theorem 4.10 Let (M, σ) be a compact symplectic manifold of dimension 2n. Then
the set I of almost complex structures compatible with σ is naturally endowed with
the structure of a symplectic Fréchet manifold. If (M, σ) has a prequantum bundle
hσ ∈ Hˆ2(M,U(1)), then the symplectic action of Diffσ(M) on I has a group-valued
momentum map
JDiff : I → Hˆ2n(M,U(1)), I 7→ KIM ? hn−1σ , (4.52)
where KIM is the canonical bundle, viewed as an element of Hˆ2(M,U(1)). ♦
By definition, the Chern–Ricci form RicI is the curvature of the Chern connec-
tion on the anti-canonical bundle. If I is integrable, then RicI coincides with the
Ricci form of the associated Kähler metric. We hence have
curv ◦JDiff : I → Ω2n(M,U(1)), I 7→ −RicI ∧ σn−1  −SIn σ
n , (4.53)
where SI  Trσ RicI is theChern scalar curvature. It has been shownbyDonaldson
[Don97, Proposition 9] that, under rather restrictive topological assumptions,
the map I 7→ SI yields a momentum map for the Diffσ(M)-action on I . As
in the examples above, the curvature momentum map is, in general, not the
momentummap for the full symplectomorphismgroup but only for the subgroup
of Hamiltonian symplectomorphisms. Moreover, the group-valued momentum
map contains additional topological information: the Chern class of the bundle
K−1I M?h
n−1
σ , which is given as the cup-product cI(M)∪c(hσ)n−1 of theChern class
c(hσ)with the first Chern class cI(M) .. c(KIM) ∈ H2(M,Z) of the almost complex
manifold (M, I). In real cohomology, this class simplifies to cI(M) ∪ [σ]n−1.
Equation (4.53) shows that the curvature of the momentum map is essentially
the scalar curvature. Hence, taking different symplectic quotients yield various
moduli spaces of almost Kähler metrics with prescribed scalar curvature. The
following cases are of special interest.
(i) For c ∈ Hˆ2n(M,U(1)), the level set J −1Diff(c) consists of all almost complex
structures I whose canonical bundle satisfies KIM ? hn−1σ  c.
Hermitian metric on the (anti-)canonical bundle. The associated Hermitian frame bundles KIM
and K−1I M are principal U(1)-bundles and are called the canonical, respectively, anti-canonical
circle bundles.
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(ii) Recall from the exact sequence (D.6) that the set c +H2n−1(M,U(1)) com-
prises all differential characters with the same curvature as c. Thus the
inverse image J −1Diff
(
c + H2n−1(M,U(1))) is the set of all almost complex
structures I with prescribed scalar curvature SI  −n curv cσn .
(iii) Similarly, the set c + Jacn−1(M) parametrizes differential characters having
the same curvature and topological class as c. Thus the inverse image
J −1Diff
(
c + Jacn−1(M))) is identified with the set of all almost complex struc-
tures whose scalar curvature is prescribed by the above relation and, in
addition, for which cI(M) ∪ c(hσ)n−1 coincides with the Chern class of c.
Ignoring the particularities of the infinite-dimensional setting, one would thus
conjecture that all the corresponding moduli spaces are symplectic manifolds or
at least symplectic stratified spaces.
Remark 4.11 (Kähler–Einsteinmetrics) If the curvature of c is a constantmultiple
of σn , then the inverse image J −1Diff(c + Jacn−1(M)) is equal to the set of Kähler–
Einstein metrics. Indeed, an (almost) complex structure I whose Ricci form
satisfies the Einstein relation RicI  λσ has constant scalar curvature SI  nλ.
Conversely, every integrable complex structure I with constant scalar curvature
and whose Chern class satisfies cI(M)  λ[σ] in real cohomology is automatically
Kähler–Einstein. Indeed, in this case, RicI and λσ are two harmonic forms
representing the same cohomology class and thus are equal. The issue of
existence of Kähler-Einstein metrics has been an important subject of study for
decades and was recently settled with the resolution of the Yau–Tian–Donaldson
conjecture (we refer the reader to the recent review [Don15] and references
therein for more details). The infinite-dimensional symplectic picture we have
just developed suggests that Kähler metrics with constant scalar curvature are
actually a more natural object to study, especially since their moduli spaces are
symplectic quotients. However, the existence problem is harder than for Kähler–
Einstein metrics, and thus it is not clear how the analytic question concerning
the infinite-dimensional symplectic reduction pan out. ♦
Remark 4.12 (Relation to GIT quotient) It is a recurrent theme in Kähler
geometry that the existence of certain special metrics (Kähler-Einstein, positive
Ricci curvature, . . . ) has an algebraic stability obstruction. Donaldson [Don97;
Don01] related this geometric-algebraic equivalence to the interplay of the
symplectic momentum map geometry with geometric invariant theory. The
fundamental idea is to detect zeros of the momentum map using an algebraic
condition phrased in terms of the prequantum bundle. However, this approach
relies on the existence of a classical momentum map and thus requires certain
topological classes to vanish. In light of our refined results, it would be interesting
to see how the group-valued momentum map interacts with geometric invariant
theory. In this direction, [Die+19] shows how the hat product of differential
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characters can be used to construct a prequantization bundle over certain infinite-
dimensional function spaces. However, it is not yet clear what the existence of a
group-valued momentum map means in terms of the prequantum geometry. ♦
Remark 4.13 The anti-canonical bundle often plays the role of the algebraic
counterpart to a geometric property. For example, a compact complex manifold
admits a Kähler metric of positive Ricci curvature only if it has an ample anti-
canonical bundle (byYau’s proof of theCalabi conjecture combinedwithKodaira’s
theorem). Our general group-valued momentum map picture explains, at least
in principle, the importance of the (anti-)canonical bundle in many important
questions concerning the geometry of (almost) Kähler manifolds: KIM is the
“conserved quantity” of the group of symplectomorphisms. ♦
Recall that we realized the Siegel upper half space Sp(2n ,R)/U(n) as a sym-
plectic quotient. This additional structure transfers to the space of sections, and
puts the moduli space of constant scalar curvature metrics in the framework of
reduction by stages. For the moment, let us return to the following general set-up.
Let (F, ω) be a finite-dimensional symplectic manifold. Consider two Lie groups
G and K that act on F from the left and preserve the symplectic form. In the
Kähler setting, we have F  GL(2n ,R), G  O(2n), and K  Sp(2n ,R). Assume
that the two actions are free, proper, commute, and have momentum maps
g∗ F k∗.
J
G
J
K (4.54)
Moreover, we assume that J
K
: F→ k∗ is invariant under G and that, vice-versa,
J
G
is invariant under K. Hence we are in the setting of commuting reduction
by stages [Mar+07, Section 15.5]. Let µ ∈ g∗. The general theory [Mar+07,
Lemma 4.1.2] tells us that the symplectic reduction by G yields the first stage
reduced Hamiltonian K-space (Fµ , ωµ , Jµ). The momentum map of the reduced
space is induced by J
K
: F → k∗ in the obvious way. Reducing once more
by the remaining K-action gives a symplectic quotient that is symplectically
diffeomorphic to the corresponding symplectic quotient of the product group
G × K.
Let us now discuss the corresponding story in the bundle picture and for the
spaces of sections. For this, let pi : P → M be a principal K-bundle. The spaces
occurring in the symplectic reduction diagram
J−1
G
(µ) F
Fµ
/G (4.55)
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all carry a natural K-action such that the inclusion and projection maps are
equivariant. Thus we obtain a similar diagram for the section spaces of the
associated bundles
Γ∞
(
P ×K J−1G (µ)
)
F  Γ∞
(
P ×K F
)
Γ∞
(
P ×K Fµ
)
.
/ C∞(M,G) (4.56)
The reduced space Γ∞(P ×K Fµ) is symplectic by our general theory, since it is
the section space of a symplectic fiber bundle. Hence it is natural to suppose that
Γ∞(P ×K Fµ) is the symplectic reduction starting from F . This is indeed the case
as we will see now. Consider the action of C∞(M,G) on F  Γ∞(P ×K F) induced
by the G-action on F. This action is well-defined since the G- and K-actions on
F commute. Although this setting is not completely the same as the action of
a gauge group on the space of sections of an associated bundle — C∞(M,G)
is the gauge group of the trivial bundle not of P —, the general strategy of
Proposition 3.2 carries through and yields the momentum map
JG : F → C∞(M, g∗), φ 7→ JG ◦ φ, (4.57)
where JG : P ×K F 3 [p , f ] 7→ (pi(p), JG( f )) ∈ M × g∗ is the bundle map induced
by the K-invariant map J
G
: F → g∗. From this expression, it is easy to see that
Γ∞(P ×K Fµ) is the symplectic reduced space of F by C∞(M,G) at the constant
map µ ∈ C∞(M, g∗).
In the Kähler setting, we have F  GL(2n ,R), G  O(2n), and K  Sp(2n ,R)
so that the G-reduced space Fµ is the upper Siegel half space for µ  J. The
space F of sections is identified with the space T 2(M) of invertible 2-tensors,
and the first reduced stage Γ∞(P ×K Fµ) coincides with the space I of almost
complex structures compatible with the symplectic form σ. As discussed above,
the second reduction by Diffσ(M) at the subset c + Hˆ2n−1(M,U(1)) yields the
moduli space SC of almost complex structures I with prescribed scalar curvature.
Thus we get the following reduction by stages diagram:
T 2(M) I SC .
?
//J C∞(M,O(2n))
//J,c C∞(M,O(2n))×Diffσ(M)
//cDiffσ(M)
(4.58)
We believe that this diagram commutes, i.e., the two-stage reduced space SC
can be obtained by the one-shot reduction from T 2(M) by the product group
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C∞(M,O(2n))×Diffσ(M). In the finite-dimensional setting, such questions about
commuting reductions are well-understood [Mar+07]. However, the framework
of reduction by stages is completely missing in infinite dimensions. Once the
general theory of reduction by stages in infinite dimensions is formulated, one
can state that the curved arrow is a one-shot reduction. This general theory is
the subject of a future paper.
4.2.3 Teichmüller space and weighted Lagrangian subbundles
Coadjoint orbits are the canonical examples of symplectic homogeneous spaces.
LetG be afinite-dimensional Lie groupandµ ∈ g∗. The coadjoint orbitOµ ' G/Gµ
through µ is endowed with the Kostant–Kirillov–Souriau symplectic form
ων(ad∗A ν, ad∗B ν)  〈ν, [A, B]〉, ν ∈ Oµ ⊂ g∗, A, B ∈ g. (4.59)
Let M be a finite-dimensional closed manifold carrying a G-structure, i.e., the
structure group of the frame bundle is reduced to G. A section of LM ×G (G/Gµ)
corresponds to a further reduction to Gµ. Thus, our general theory implies
that the space of all such Gµ-reductions carries a symplectic structure, which is
naturally induced by the coadjoint orbit symplectic form (4.59). The momentum
map for the action of the group of diffeomorphisms of M on the space of all
such Gµ- structures can be calculated with the help of Theorem 4.9. Recall that
the momentum map involved the prequantization of the fiber model. In the
present setting, prequantizations of G/Gµ bĳectively correspond to Lie group
homomorphisms ρµ : Gµ → U(1) that integrate the Lie algebra homomorphism
(see, Subsection 4.2.1)
ρˇµ  J(eGµ)gµ : gµ → R, (4.60)
where J : G/Gµ → g∗ is the momentum map for the G-action on the coadjoint
orbit. It is a straightforward calculation to verify that the momentum map is just
the canonical embedding of the coadjoint orbit in g∗. Thus we are looking for
group homomorphisms ρµ that integrate the pairing with µ, that is,
ρˇµ : gµ → R, A 7→ 〈µ,A〉. (4.61)
In summary, starting from a G-structure we can derive different geometric
moduli spaces that arise from an infinite-dimensional symplectic reduction by
performing the following steps:
(i) Classify all coadjoint orbits Oµ of G.
(ii) For each µ ∈ g∗ in this classification, determine the stabilizer Gµ and find
an identification of G/Gµ in terms of a more geometric object. In practice,
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N1e
N1h
N+p
N−p
Figure 1: Coadjoint orbits of SL(2,R) projected onto the e−- h plane.
this comes down to finding a transitive G-action on some space having
stabilizer Gµ.
(iii) Calculate ρˇµ : gµ → R and integrate it to a Lie group homomorphism
ρµ : Gµ → U(1). This integration is usually possible only for certain values
of λ. These are the so-called prequantizable coadjoint orbits.
(iv) Give a geometric interpretation of the associated bundle LµM ×ρµ U(1),
where LµM is a given Gµ-reduction of the G-frame bundle LM.
In this subsection, we carry out this program for the coadjoint orbits of SL(2,R).
The low dimensionality of the spaces involved allows to explicitly determine
the coadjoint orbits and the stabilizer subgroups Gµ. Even in this relatively
simple example, the geometric structures involved turn out to be of special
interest: we recover the Teichmüller moduli space as a symplectic reduction;
another coadjoint orbit yields a hyperbolic cousin of the classical Teichmüller
space and yet another orbit is related to Lagrangian distributions endowed with
a density. Throughout this subsection, let (M, σ) be closed surface endowed with
a symplectic form σ (which can, equivalently, be viewed as a volume form).
We begin with a systematic discussion of the coadjoint orbits of SL(2, R). The
Lie algebra sl(2,R) consists of real 2× 2 matrices with vanishing trace. We choose
the following generators
e+ 
(
1 0
0 −1
)
e− 
(
0 1
1 0
)
h 
(
0 1
−1 0
)
(4.62)
subject to the commutation relations [h , e±]  ∓ 2e∓ and [e+, e−]  2h. The Killing
form κ(A, B)  1/2 Tr(AB) is non-degenerate and thus yields an identification of g
with g∗. The generators form an orthonormal basis of g (and thus also of g∗) with
signature (++−). The Killing form is Ad-invariant and so identifies the coadjoint
action with the adjoint action. Every non-vanishing element A ∈ sl(2,R) can be
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brought into one of the following four normal forms under the adjoint action:
Nλe  λ
(
0 1
−1 0
)
, Nλh  λ
(
0 1
1 0
)
, N+p 
(
0 1
0 0
)
, N−p 
(
0 0
1 0
)
. (4.63)
The orbit through Nλe is an elliptic hyperboloid (or two-sheeted hyperboloid).
Positive λ parametrize the family of the upper sheets and negative λ correspond
to the lower sheets. The stabilizer of Nλe is independent of λ and is isomorphic
to SO(2). The coadjoint orbit for λ  1 is symplectomorphic to the reduced space
J−1O (J)/O(2)J  Sp(2,R)/U(1) discussed in the previous section (see (4.50) with
n  1). Sections of LM ×SL(2,R) (SL(2,R)/SO(2)) correspond to reductions of the
SL(2,R)-frame bundle to SO(2), i.e., Riemannian metrics g compatible with the
prescribed volume form σ. To make this interpretation in terms of Riemannian
metrics more explicit, we identify the coadjoint orbitONλe ' SL(2,R)/SO(2)with
the space SSym+(2,R) of symmetric positive definitematrices having determinant
1 via
ONλe 3 Adg Nλe 7→ ggT ∈ SSym+(2,R), g ∈ SL(2,R). (4.64)
Using this diffeomorphism, the coadjoint orbit symplectic form can be pushed
forward to yield the following symplectic form on SSym+(2,R):
ωB(C1, C2)  −14 Tr(B
−1C1 B−1Nλe B−1C2), (4.65)
where B ∈ SSym+(2,R), and C1, C2 are traceless symmetric matrices.
The orbit throughNλh is a hyperbolic hyperboloid (or one-sheeted hyperboloid).
The stabilizer of Nλh is again independent of λ, consists of elements of the form
S 
(± cosh r sinh r
sinh r ± cosh r
)
, r ∈ R, (4.66)
and hence is isomorphic to SO(1, 1). Sections of LM ×SL(2,R) (SL(2,R)/SO(1, 1))
are again reductions of the SL(2,R)-frame bundle, this time, to SO(1, 1). Geomet-
rically, these are semi- (or pseudo-, in another terminology) Riemannian metrics
η. Hence the space of semi-Riemannian metrics inducing the given volume form
σ is an infinite-dimensional symplectic manifold.
The parabolic orbits, that is, the two light-cones, are orbits through N+p and
N−p . As the notation suggests, N+p corresponds to the upper cone. Its stabilizer
P+ consists of elements of the form
S 
(±1 r
0 ±1
)
(4.67)
for r ∈ R. Similarly, the lower cone is the orbit through N−p and the elements of
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its stabilizer P− are of the form
S 
(±1 0
r ±1
)
(4.68)
for r ∈ R.
In order to illuminate the geometric structure that leads to a reduction to the
stabilizer subgroups P±, it is actually helpful to consider the higher dimensional
case. Thus, let (M, σ) be, for the moment, a 2n-dimensional symplectic manifold.
An n-dimensional distributionD onM yields a reduction of the symplectic frame
bundle to the group consisting of elements of the form(
A B
0 C
)
, (4.69)
where A, C ∈ GL(n ,R) and B is an arbitrary n × n matrix. Indeed, the reduced
bundle consists only of frames um : R2n → TmM that map the last n standard
vectors to vectors spanning Dm . If we would, instead, require that the first n
vectors span Dm , we obtain a reduction to elements of the form(
A 0
B C
)
. (4.70)
If the distribution carries an additional structure, then this is reflected in further
conditions on the matrix C. For example, a distribution endowed with a density
|ν | leads to the condition |detC |  1. We then say that the distribution is weighted.
Specializing again to the case n  1 at hand, we see that a reduction of the
symplectic frame bundle to P± corresponds to a weighted Lagrangian subbundle
(L, |ν |) of TM. Thus the space of all weighted Lagrangian distributions carries
two natural symplectic structures (depending on the point N±p chosen for the
identification).
In order to determine the prequantizations of the orbits, we have to calculate
ρˇµ : gµ → R, A 7→ 〈µ,A〉 (4.71)
for each orbit. Note that we always have gµ  Rµ since the stabilizers are
1-dimensional. We obtain
ρˇNλe (a · Nλe )  −aλ, (4.72)
ρˇNλh
(a · Nλh )  aλ, (4.73)
ρˇN±p (a · N±p )  0. (4.74)
If λ satisfies the prequantization condition λ ∈ Z, then ρˇNλe integrates to the Lie
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µ Nλe N
λ
h N
±
p
Type elliptic hyperbolic parabolic
Gµ SO(2) SO(1, 1) P±
Quantizable λ ∈ Z always always
ρµ ρNλe ρNλh
,
√
ρN2λh
1, ρN±p
Fµ Riemannian metric g semi-Riemannian
metric η
weighted Lagrangian
distribution (L, |ν |)
Pµ K−1g M KηM,K
1
2
ηM OrL
Characteristic
class
c1(M) ? w1(L)
Moduli space Teichmüller space hyperbolic Teichmüller
space
?
Table 3: Overview over the properties of the coadjoint orbits. The information concerning
the geometric structures induced by the coadjoint orbits will become clear after the statement
of Theorem 4.14 and the comments following it. Here, Fµ denotes the space of sections of
LM ×SL(2,R) (SL(2,R)/Gµ). Furthermore, Pµ is the associated circle bundle of the reduced
Gµ-frame bundle using the group homomorphism ρµ.
group homomorphism
ρNλe : SO(2) → U(1),
(
cos ϑ sin ϑ
− sin ϑ cos ϑ
)
7→ e−ϑλi, (4.75)
Note that for λ  1, this is just the inverse of the canonical identification of SO(2)
with U(1). Thus, the associated bundle LSO(2)M ×ρN1e U(1) is the anti-canonical
bundle K−1g M constructed from the Riemannian metric g. Other values of λ ∈ Z
correspond to higher powers K−λg M.
In contrast, SO(1, 1) is not connected and ρˇNλh admits two types of integrating
group homomorphisms for all λ ∈ R
ρNλh
: SO(1, 1) → U(1),
(± cosh r sinh r
sinh r ± cosh r
)
7→ e±rλi, (4.76)√
ρN2λh
: SO(1, 1) → U(1),
(± cosh r sinh r
sinh r ± cosh r
)
7→
{
e rλi for +
−e−rλi for − (4.77)
As the notation suggests, we have√ρN2λh 2  ρN2λh . But, of course, also ρ2Nλh  ρN2λh
holds, so that √ρN2λh is the “non-canonical square root”. In analogy to the
previous case, the associated bundle LSO(1,1)M ×ρN2h U(1) is the canonical bundle
KηM induced by the semi-Riemannian metric η. The bundles ρN1h and
√
ρN2h
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yield the two inequivalent square roots K+
1
2
η M and K
− 12
η M of KηM. Thus, in
contrast to the Riemannian case, also the square roots of the canonical bundle
are of particular importance based on the coadjoint orbit geometry. Analogously,
for λ ∈ R, we use the notations K+ λ2η M and K−
λ
2
η M for the associated bundles
LSO(1,1)M ×ρNλh U(1) and LSO(1,1)M ×
√
ρN2λh
U(1), respectively.
Since ρˇN±p  0, the integrating group homomorphism ρN±p : P
±→ U(1)may be
chosen to be the trivial homomorphism. However, P± is also not connected and
thus there is a second non-trivial integrating homomorphisms ρN±p , which sends( −1 r0 −1 ), respectively ( −1 0r −1 ), to −1 ∈ U(1). Note that the latter homomorphism
factors through a homomorphism with values in Z2.
In order to illuminate the significance of the associatedZ2-bundleLP±M×ρN±p Z2,
it is again helpful to leave the safe 2-dimensional harbor and move to higher
dimensional terrain. Thus, let (M, σ)be, temporarily, a 2n-dimensional symplectic
manifold. Recall that a weighted Lagrangian distribution onM yields a reduction
of the symplectic frame bundle to the structure group consisting of symplectic
block matrices
( A B
0 C
)
with C ∈ SL±(n ,R) .. {C ∈ SL(n ,R) | detC  ±1}. The
higher dimensional analogue of ρN+p is the group homomorphism
ρN+p :
(
A B
0 C
)
7→ detC ∈ Z2. (4.78)
Thus a global section of the associated flat bundle LM ×ρN+p Z2 corresponds to
a consistent choice of orientation of the Lagrangian subspaces. We hence refer
to this associated Z2-bundle as the orientation bundle OrL of the Lagrangian
distribution L. The orientation bundle is trivial if and only if the first Stiefel–
Whitney class w1(L) of the Lagrangian distribution vanishes.
We have thus assembled all ingredients to apply Theorem 4.9 (see also Table 3
for a summary).
Theorem 4.14 Let M be a closed surface endowed with a symplectic form σ. Then the
following hold:
(i) The spaceMetr σ(M) of Riemannian metrics on M compatible with σ is endowed
with the symplectic form
Ωg(h1, h2)  −λ4
∫
M
Tr(g−1h1 · g−1σ · g−1h2) σ. (4.79)
If λ ∈ Z, then the action of Diffσ(M) has a group-valued momentum map given
by
Metr σ(M) → Hˆ2(M,U(1)), g 7→ KgM. (4.80)
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(ii) The space Metr+−σ (M) of semi-Riemannian metrics with signature (+−) and
compatible with σ carries a symplectic form defined as in the Riemannian case
by (4.79). For all λ ∈ R, the action of Diffσ(M) has two group-valued momentum
maps given by
Metr+−σ (M) → Hˆ2(M,U(1)), η 7→ K+
λ
2
η M (4.81)
and
Metr+−σ (M) → Hˆ2(M,U(1)), η 7→ K−
λ
2
η M. (4.82)
(iii) The space of weighted Lagrangian distributions is a symplectic manifold and the
group-valued momentum map for the action of Diffσ(M) is the assignment of the
orientation bundle OrL to each Lagrangian distribution L. ♦
The curvature of the canonical bundle KgM is given by −SIσ, where SI denotes
the scalar curvature. Hence, symplectic reduction at the subset curv−1(σ) of all
bundles with constant curvature σ yields the Riemann moduli space (for λ  1):
J −1Diff(curv−1(σ))/Diffσ(M)  {I ∈ I | SI  −1}/Diffσ(M). (4.83)
Instead of taking the quotient with respect to Diffσ(M), we could restrict attention
to the connected component of the identity Diffσ(M)◦. The action of Diffσ(M)◦
is free and its momentum map is given by the same formula (4.80). Thus, the
reduced space coincides with {I ∈ I | SI  −1}/Diffσ(M)◦ and hence yields
the Teichmüller space. Formula (4.79) for the symplectic form on the space of
Riemannian metrics shows that the reduced symplectic form is proportional
to the Weil–Petersson symplectic form on the Teichmüller space. However,
in contrast to classical symplectic reduction, we take the inverse image of a
set and not just of a point. We show now that Diffσ(M) acts (infinitesimally)
transitively on curv−1(σ), so that the reduction is a symplectic orbit reduction [OR03,
Section 6.3]. Suppose that σ is normalized to have total volume 1. Then there
exists a differential character hσ ∈ Hˆ2(M,U(1))with curvature σ. Consider the
flux homomorphism1 relative to hσ
Fluxhσ : Diffσ(M) → H1(M,U(1)), φ 7→ (φ−1)∗hσ − hσ . (4.84)
By Proposition D.3, the corresponding Lie algebra homomorphism is
Fluxσ : Xσ(M) → H1(M,R), X 7→ [X σ], (4.85)
1 Flux is actually only a cocycle and not necessarily a group homomorphism on Diffσ(M). Only
when restricted to Diffσ(M) ∩Diff(M)◦ is the flux a bona-fide group homomorphism.
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which is clearly surjective. Thus Diffσ(M) acts infinitesimally transitive on
curv−1(σ). In summary, we obtain the following.
Theorem 4.15 The Riemann moduli space
{I ∈ I | SI  −1}/Diffσ(M) (4.86)
and the Teichmüller space
{I ∈ I | SI  −1}/Diffσ(M)◦ (4.87)
are symplectic orbit reduced spaces. ♦
An analogous discussion for the coadjoint orbit SL(2,R)/SO(1, 1) yields a
hyperbolic version of the Teichmüller space. Instead of Riemannian metrics, the
moduli space then consists of semi-Riemannianmetricswith prescribed curvature
modulo symplectomorphisms. It also carries a symplectic form analogous to the
one induced by the Weil–Petersson metric, and it is a symplectic orbit reduced
space. Formally, we just have to replace ‘elliptic’ by ‘hyperbolic’, ‘Riemannian’
by ‘semi-Riemannian’ and ‘complex structure’ by ‘para-complex structure’. The
analysis of hyperbolic operators is, of course, more delicate than elliptic operators
and thus it is not clear that the hyperbolic Teichmüller space is indeed a smooth
manifold. From a physics point of view, elements of the hyperbolic Teichmüller
space parametrize equivalence classes of solutions of Einstein’s equation in two
dimensions. In the physics literature [Str00] one finds arguments that such
moduli spaces of semi-Riemannian metrics with prescribed curvature are in fact
finite dimensional, similar to the Riemannian case. We are not aware of any
rigorous mathematical proof of this statement.
4.3 Action of the quantomorphism group
Let (M, ω) be a compact 2n-dimensional symplectic manifold and let µω  ωn/n!
be the Liouville volume form. Assume that ω has integral periods so that there
exists a prequantum circle bundle pi : P→M with connection Γ having curvature
ω. As the fiber model we take F  C with the usual symplectic structure ωC
endowed with k-times the natural U(1)-action for some k ∈ N. The associated
line bundle Fk  P ×k·U(1) C is the k-th tensor product of the line bundle F1. As in
Section 3.2, the connection Γ in P and the symplectic structure ωC on C combine
to an extension ωˆΓ
C
∈ Ω2(Fk) of the induced fiber symplectic structure on Fk .
Theorem 3.7 determines the momentum map of the action on Γ∞(Fk) of the
group Autω(P) of automorphisms of P that preserve the symplectic structure on
the base. In this section, we put the focus on the subgroup AutΓ(P) ⊆ Autω(P)
consisting of automorphisms that even preserve the connection Γ. Due to its
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importance in the theory of geometric quantization, AutΓ(P) is often called the
quantomorphism group of (P, Γ). Recall that the Lie algebra autΓ(P) of AutΓ(P) is
identified with the Poisson algebra C∞(M) using the Koszul prescription
C∞(M) 3 f 7→ XΓf + pi∗ f ∂ϑ ∈ autΓ(P), (4.88)
where ∂ϑ is the canonical vector field along the fiber and XΓf is the horizontal
lift of the Hamiltonian vector field X f . Accordingly, it is natural to choose
autΓ(P)∗  Ω2n(M) as the dual of autΓ(P). On the level of vector spaces, the
Lie algebra autω(P) of Autω(P) is identified with C∞(M) × Xω(M). Hence, a
natural choice for the dual group of Autω(P) is the Abelian Lie group Autω(P)∗ 
C∞(M) × Hˆ2n(M,U(1)), whose Lie algebra is C∞(M) × Ω2n−1(M)/dΩ2n−2(M).
Under the above identification, the inclusion of autΓ(P) into autω(P) is given by
C∞(M) 3 f 7→ ( f ,X f ) ∈ C∞(M) × Xω(M). (4.89)
The dual projection, with respect to the pairings (2.10) and (2.11), has the form
C∞(M) ×Ω2n−1(M)/dΩ2n−2(M) 3 (g , [α]) 7→ gµω − 1(n − 1)! dα ∈ Ω
2n(M)
(4.90)
and lifts to the dual group Autω(P)∗ as follows:
C∞(M) × Hˆ2n(M,U(1)) 3 (g , h) 7→ gµω − 1(n − 1)! curv h ∈ Ω
2n(M). (4.91)
Clearly, the momentum map JAutΓ for the quantomorphism group is the com-
position of this “projection” with the momentum map for the automorphism
group. Using Theorem 3.7, we thus obtain
JAutΓ : Γ∞(Fk) → Ω2n(M), φ 7→ −k‖φ‖2µω + 1(n − 1)!φ
∗ωˆΓC ∧ ωn−1. (4.92)
Using the identity φ∗ωˆΓ
C
 ωC(∇Γφ,∇Γφ) + (J∗φ) curvΓ of [Don03, Lemma 13],
we can rewrite the momentum map as follows:
JAutΓ(φ)  −k‖φ‖2µω + 1(n − 1)!
(
ωC(∇Γφ,∇Γφ) − k‖φ‖2ω
)
∧ ωn−1
 −k(n + 1)‖φ‖2µω + i2∇
Γφ ∧ ∇Γφ¯ ∧ ω
n−1
(n − 1)! .
(4.93)
Thus, in summary, we obtain the following.
Theorem 4.16 Let (M, ω) be a compact 2n-dimensional symplectic manifold. Assume
that ω has integral periods so that there exists a prequantum circle bundle pi : P → M
Applications 79
with connection Γ having curvature ω. Then the space Γ∞(Fk) of smooth sections
of the associated line bundle Fk  P ×k·U(1) C carries a natural symplectic structure
Ω  µω ∗ˆ ωC. Moreover, the quantomorphism group AutΓ(P) of P acts symplectically
on Γ∞(Fk) and has a classical momentum map JAutΓ : Γ∞(Fk) → Ω2n(M) given by
JAutΓ(φ)  −k(n + 1)‖φ‖2µω + i2∇
Γφ ∧ ∇Γφ¯ ∧ ω
n−1
(n − 1)! . (4.94)♦
A similar expression for the momentum map has been found by Donaldson
[Don01, eq. 11], but with a few typos in the relative prefactors (in the derivation,
[Don01, eq. 13] misses a factor of n). We emphasize that JAutΓ is a classical
momentum map with values in the dual vector space of autΓ(P). The existence
of a classical momentum map should not come as a surprise, because the
quantomorphism group plays the role of the group of exact symplectomorphisms
and as such is not sensitive to the same topological properties of M that the
group of all symplectomorphisms sees.
4.4 Gauge theory
Atiyah and Bott [AB83] showed that the curvature furnishes a momentum map
for the action of the group of gauge transformations on the space of connections
over a surface. In this section, we outline how this setting fits in our general
framework. Moreover, we also discuss the action of the whole group of bundle
automorphisms, whose existence is tightly connected to the triviality of a certain
class in the third cohomology of the base.
Aswe have already seen in Subsection 3.2.1, the group of gauge transformations
admits an ordinary momentum map, and thus the concept of a group-valued
momentum map is not needed for this action. Nonetheless, even in this case,
our general framework provides the interesting insight that the momentum
map geometry of the infinite-dimensional space of connection is induced by a
finite-dimensional symplectic system.
Originally, Atiyah and Bott studied the Yang–Mills equation over a Riemannian
surface. We consider the more general situation where the base is a compact
2n-dimensional symplectic manifold (M, σ); see also [Don87] for an almost
identical setting.
Let pi : P → M be a principal G-bundle, and let AdP → M be the adjoint
bundle of P. Recall that a connection Γ on P is a splitting of the exact sequence
of vector bundles over M
0 AdP (TP)/G TM 0,Tpi (4.95)
where Tpi also denotes the natural map on (TP)/G induced by Tpi : TP → TM.
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The bundleCP→M of principal connections onP is, by definition, the subbundle
of L(TM, (TP)/G) → M whose fiber CmP at m ∈ M consists of all linear maps
Γm : TmM→ (TP/G)m satisfying Tpi(Γm(Xm))  Xm for all Xm ∈ TmM. A smooth
section m 7→ Γm of CP determines a principal G-connection on P as follows.
The image of Γm yields a consistent choice of a subspace of TpP which is
complementary to the vertical subspace for any p ∈ pi−1(m). This induces a
complementary subbundle of TP to the vertical subbundle that is invariant under
the G-action, i.e., a horizontal G-equivariant distribution, and hence a principal
connection. Conversely, the horizontal lift of a principal connection on P yields a
splitting of (4.95) and hence a section of CP. Thus, the space C(P) of principal
connections on P is identifiedwith the space of sections of CP. Note that CP→M
is an affine bundle modeled over the vector bundle L(TM,AdP) → M.
In order to apply our general framework, we need to realize CP as an associated
fiber bundle with a symplectic fiber. This will require the notion of the principal
jet prolongationWP of P. We now recall this construction (mostly suppressing the
jet-theoretic background) and refer the reader to [KMS93, Section 15.6 and 17.5]
for more details.
• The principal jet prolongation of the Lie group G is by definition the
semidirect product
WG  (Sp(2n ,R) × G) o L(R2n , g) (4.96)
with multiplication
(a , g , S) · (b , h , T)  (a · b , g · h ,Adh−1 S ◦ b + T) (4.97)
and inversion
(a , g , S)−1  (a−1, g−1,−Adg S ◦ a−1). (4.98)
The Lie algebra of WG is the semidirect product
Wg  (sp(2n ,R) × g) o L(R2n , g). (4.99)
• The principal jet prolongation WP is the product fiber bundle LM ×M J1P
over M, where LM denotes the symplectic frame bundle. Equivalently,
the fiber WmP over m ∈ M consists of pairs (um , vp) of a linear symplecto-
morphism um : R2n → TmM of R2n endowed with its standard symplectic
form ω0 and (TmM, σm), and a linear map vp : TmM → TpP satisfying
Tppi ◦ vp  idTmM . The right action of WG on WP defined by
(um , vp) · (a , g , S) .. (um ◦ a , vp . g + (p · g) . (S ◦ a−1 ◦ u−1m )) (4.100)
endows WP with the structure of a principal WG-bundle. Here, the lower
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dot notation stands for the natural action of G on TP and of g on P.
• WG acts affinely on L(R2n , g) by
(a , g , S) · T  Adg(S + T) ◦ a−1. (4.101)
The associated bundle WP ×WG L(R2n , g) is the bundle CP of connections.
The horizontal lift Γm corresponding to the equivalence class [um , vp , T ] ∈
WP ×WG L(R2n , g) is given by
Γm  vp − p . (T ◦ u−1m ) : TmM → TpP. (4.102)
Assume that g is endowed with an Ad-invariant scalar product. We denote by
Tr(· ∧ ·) the induced wedge product of linear maps with values in g. The linear
symplectic form ω on L(R2n , g) is defined by the identity
ω(T1, T2)ωn0  Tr(T1 ∧ T2) ∧ ωn−10 , (4.103)
where ω0 denotes the standard symplectic form on R2n . Clearly, ω is invari-
ant under the action of WG, because a ∈ Sp(2n ,R) leaves ω0 invariant and
because the scalar product on g is Ad-invariant. The associated momentum map
J : L(R2n , g) → sp(2n ,R)∗ × g∗ × L(R2n , g)∗ is given by
〈J(T), (A, ξ, L)〉 ωn0 
(1
2 Tr
(
ξ, [T ∧ T ]) − Tr(L ∧ T ) + 12 Tr((T ◦ A) ∧ T ) ) ∧ ωn−10
(4.104)
for A ∈ sp(2n ,R), ξ ∈ g and L ∈ L(R2n , g). Thus the typical fiber L(R2n , g) of
the connection bundle is a symplectic system with WG-symmetry. However,
this system does not quite fit into the general setting discussed in Chapter 3,
because the momentum map J is not equivariant. In fact, a straightforward
calculation shows that the non-equivariance 1-cocycle σ
(
a , g , S
)
 J
((a , g , S) ·
T
) −Ad∗(a ,g ,S)−1 J(T) is given by
σ
(
a , g , S
)
 Ad∗(a ,g ,0)−1 J(S). (4.105)
The associated Lie algebra 2-cocycle Σ : Wg ×Wg→ R is
Σ
((A1, ξ1, L1), (A1, ξ1, L1))  ω(L1, L2). (4.106)
For the same reason, we need to pass to a central extension of WG to obtain
an equivariant prequantization bundle. Endow the trivial circle bundle L 
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L(R2n , g) ×U(1)with the connection 1-form
θ(T,z)(U, u) 
1
2ω(T,U) + u , (4.107)
where T,U ∈ L(R2n , g), z ∈ U(1) and u ∈ R ' u(1). The curvature of θ is ω, so
that the trivial bundle L endowed with the connection θ is a prequantum bundle
of the symplectic vector space (L(R2n , g), ω).
Lemma 4.17 The group of connection-preserving bundle automorphisms of the pre-
quantum bundle (L, θ) covering the action of WG on L(R2n , g) is identified with
ŴG  WG ×U(1) endowed with the multiplication
(a , g ,S, u)? (b , h , T, v)

(
a · b , g · h ,Adh−1 S ◦ b + T, exp
(
− i2ω(S,Adh T ◦ b
−1)
)
uv
)
,
(4.108)
where (a , g , S), (b , h , T) ∈WG and u , v ∈ U(1). The group ŴG is a non-trivial central
extension of WG by U(1) whose induced Lie algebra 2-cocycle is Σ. ♦
Roughly speaking, one can view ŴG as the principal jet prolongated Heisen-
berg group of the symplectic vector space (L(R2n , g), ω).
Proof. Every bundle automorphism φ of L(R2n , g) ×U(1) covering the action of
(a , g , S) ∈WG is of the from
(T, z) 7→ ((a , g , S) · T, φ(a ,g ,S)(T) z) (4.109)
for some smoothmap φ(a ,g ,S) : L(R2n , g) → U(1). The automorphism φ preserves
the connection θ if and only if
δT φ(a ,g ,S)(U)  12ω(T,U) −
1
2ω
((a , g , S) · T, (a , g , S) . U)

1
2ω(T,U) −
1
2ω
(
Adg(S + T) ◦ a−1,Adg U ◦ a−1
)
 −12ω
(
S,U
)
.
(4.110)
Consequently, φ(a ,g ,S)(T)  exp
(− i2ω(S, T)) u for some u ∈ U(1). One easily
verifies that the assignment of the bundle automorphism
φ(a ,g ,S,u)(T, z) 
(
(a , g , S) · T, exp
(
− i2ω(S, T)
)
uz
)
(4.111)
to (a , g , S, u) ∈ ŴG is a group isomorphism with respect to the product (4.108).

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Finally, observe that the action of ŴG on L(R2n , g) is transitive, and that the
stabilizer of 0 is the direct product group Sp(2n ,R) ×G ×U(1). We can thus view
L(R2n , g) as the homogeneous space ŴG/(Sp(2n ,R) × G ×U(1)) . The Lie group
homomorphism that characterizes the ŴG-equivariant prequantization bundle
(L, θ) according to Section 4.2 is given by
ρ : Sp(2n ,R) × G ×U(1) → U(1), (a , g , u) 7→ u. (4.112)
In summary, one needs to pass to the central extension ŴG of WG to obtain
a Hamiltonian system (L(R2n , g), ω) with equivariant momentum map and
equivariant prequantum bundle (L, θ).
The issue of non-equivariance extends to the bundle picture as well. For
example, the action of the gauge group of WP on the space C(P) of principal
connections on P has a non-equivariant momentummap and one needs to pass to
an extension to get an equivariant momentum map. Surprisingly perhaps, these
problems disappear under the jet prolongation, and we obtain the following
generalization of the result ofAtiyah andBott [AB83, p. 587] to higher dimensional
base manifolds.
Theorem 4.18 Let (M, σ) be a compact 2n-dimensional symplectic manifold, and let
pi : P → M be a principal G-bundle with compact structure group G. The 2-form
Ω(α, β) 
∫
M
Tr(α ∧ β) ∧ σn−1, α, β ∈ Ω1(M,AdP) (4.113)
defines a symplectic structure on the space C(P) of principal connections on P. Moreover,
the natural action of the group Gau(P) of gauge transformations of P on C(P) leaves Ω
invariant, and possesses an equivariant momentum map
JGau : C(P) → Ω2n(M,AdP), Γ 7→ curvΓ ∧ σn−1, (4.114)
where curvΓ ∈ Ω2(M,AdP) is the curvature of Γ. ♦
Proof. The claim follows from a simple direct calculation along the lines of [AB83,
p. 587]. We now sketch how the same result can be obtained in our framework
utilizing the fiberwise symplectic system.
Theorem 3.7 shows that the momentum map for the action of the gauge group
of WP is the push-forward of the fiber momentum map (4.104), that is,
〈JGau(WP)(Γ), η〉 
∫
M
〈J ◦ TΓ, η〉 σn , (4.115)
where η ∈ gau(WP), and where TΓ : WP → L(R2n , g) denotes the equivariant
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map corresponding to the connection Γ; that is, Γp  vp − p . (TΓ(um , vp) ◦ u−1m ) ,
see (4.102). The momentum map for Gau(P) is obtained by composing with the
projection gau(WP)∗→ gau(P)∗ dual to the derivative of the natural prolongation
map W: Gau(P) → Gau(WP), cf. [KMS93, p. 151]. If χ ∈ Gau(P) is viewed as an
equivariant map χ : P → G, then we find for the prolongation Wχ : WP →WP
Wχ(um , vp) 
(
um , vp . χ(p) + p . (Tpχ ◦ vp)
)
 (um , vp) ·
(
id, χ(p), χ(p)−1 . (Tpχ ◦ vp ◦ um)) , (4.116)
where we used (4.100) for the second equality. Thus, changing viewpoints again,
we read off
Wχ : WP →WG, (um , vp) 7→ (id, χ(p), δLpχ ◦ vp ◦ um ) . (4.117)
On the Lie algebra level, ξ ∈ gau(P) seen as a map ξ : P → g is prolongated to
Wξ : WP →Wg, (um , vp) 7→ (0, ξ(p), Tpξ ◦ vp ◦ um ) . (4.118)
The momentum map JGau(P) for the action of Gau(P) satisfies, by definition,
〈JGau(P)(Γ), ξ〉  〈JGau(WP)(Γ),Wξ〉 
∫
M
〈J ◦ TΓ,Wξ〉 σn . (4.119)
For the integrand we find using (4.104)
〈J ◦ TΓ,Wξ〉(um , vp) σnm

(1
2 Tr
(
ξ(p), [TΓ(um , vp) ∧ TΓ(um , vp)])
− Tr((Tpξ ◦ vp ◦ um) ∧ TΓ(um , vp)) ) ∧ ωn−10

(1
2 Tr
(
ξ(p), [TΓ(vp) ∧ TΓ(vp)]) − Tr((Tpξ ◦ vp) ∧ TΓ(vp)) ) ∧ σn−1,
(4.120)
where we abbreviated TΓ(vp) ≡ TΓ(um , vp) ◦ u−1m . After partial integration on the
second term, we use the structure equation curvΓ  12[Γ ∧ Γ ] + dΓ to obtain
〈JGau(P)(Γ), ξ〉 
∫
M
Tr(ξ, curvΓ) ∧ σn−1. (4.121)
Thus Γ 7→ curvΓ ∧ σn−1 is the momentum map for the action of Gau(P), as
claimed. 
The discussion of the momentum map for the action of the full automorphism
group of P is more involved and requires the following additional structure.
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Recall the central extension
U(1) ŴG WG. (4.122)
A lift of WP to ŴG is a principal ŴG-bundle ŴP together with a vertical bundle
morphism χ : ŴP→WP intertwining the principal actions of ŴG and WG. The
bundle morphism χ induces an isomorphism of the bundles ŴP/U(1) and WP.
We will usually suppress this isomorphism and directly view ŴP as a principal
U(1)-bundle over WP. Note, however, that such a lift ŴP does not need to exist.
In fact, the existence and uniqueness question is governed by the following exact
sequence in Čech cohomology
Hˆ1(M,U(1)) Hˆ1(M, ŴG) Hˆ1(M,WG) Hˆ2(M,U(1))
H2(M,Z) H3(M,Z)
(4.123)
induced by the exact sequence (4.122), see [Bry07, Theorem 4.1.4]. The vertical
isomorphisms are induced by the short exact sequence Z→ R→ U(1). As the
Čech cohomology Hˆ1(M, K) parameterizes equivalence classes of K-bundles, this
exact sequence shows that there exists a lift of WP to ŴG given that a certain
class in H3(M,Z) vanishes. In fact, this class admits the following description,
cf. [Bry07, p. 161]. Choose an open covering Ui of M, and let gi j : Ui ∩U j → G
be the transition functions of P. By jet prolongation, we obtain the transition
functions Wgi j : Ui ∩U j →WG of WP. Choose a lift Wgi j of Wgi j to ŴG. These
are the candidate transition functions for ŴP. However, they satisfy the cocycle
condition of triple overlaps Ui ∩U j ∩Uk only in the formWgi j Wg jk  ui jk Wgik (4.124)
for some U(1)-valued map ui jk . The class of ui jk in Hˆ2(M,U(1)) ' H3(M,Z) is
the obstruction for the lift. We emphasize that this class in the third cohomology
can be constructed for each principal bundle over a symplectic manifold in a
natural and canonical way. Although being canonical, we are not aware that this
class has been discussed before in the literature. Recall that elements in H3(M,Z)
parameterize equivalence classes of bundle gerbes (in the same way H2(M,Z)
parameterizes principal circle bundles). The bundle gerbe corresponding to
[ui jk] is known as the so-called lifting gerbe associated to the lifting problem of
WP to ŴG, see [Mur96, Section 4]. It comes equipped with a natural connection
and curving [Gom03]. In this context, the following open question is of interest.
Problem 4.19 Find an explicit description of the lifting gerbe (and the class
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in H3(M,Z)) that obstructs the lifting of WP to ŴG. In particular, clarify the
geometric meaning of this gerbe that is naturally associated to each principal
bundle over a symplectic manifold. ♦
In the following, we assume that there exists a lift ŴP of WP to ŴG. According
to the sequence (4.123), such a lift is unique up to a principal circle bundle on M.
The natural identifications
ŴP ×ŴG
(
ŴG/(Sp(2n ,R) × G ×U(1))) ' ŴP ×ŴG L(R2n , g)
'WP ×WG L(R2n , g)
' CP
(4.125)
allow us to view a connection Γ on P as a reduction QΓ of ŴP to the structure
group Sp(2n ,R) × G ×U(1). We are thus in the setting discussed in Section 4.2.
Assume that there exists a principal connection on ŴP that is reducible to each
reduction QΓ. Then, by Theorem 4.9, the group of bundle automorphism of ŴP
has an equivariant group-valued momentum map, whose second component is
given by the principal U(1)-bundle QΓ ×ρ−1 U(1). We would like to proceed as in
the proof of Theorem 4.18, and pull back everything along the jet prolongation
W: Aut(P) → Aut(WP). However, we are faced with the problem that W takes
values in Aut(WP) and not in Aut(ŴP). Clearly, we have the sequence
e C∞(M,U(1)) Aut(ŴP) Aut(WP). (4.126)
However, the last map in this sequence is in general not surjective. If the U(1)-
bundle ŴP→WP has a ŴG-invariant connection, then we can use its horizontal
lift to show exactness of the infinitesimal sequence:
0 C∞(M,R) aut(ŴP) aut(WP) 0. (4.127)
In this case, we can pull-back (4.127) along the jet prolongation W: aut(P) →
aut(WP) to obtain an Abelian extension
0 C∞(M,R) âut(P) aut(P) 0. (4.128)
Under these assumptions, we conclude that the Lie algebra âut(P) acts on the
spaceC(P)of connections and that it has an (infinitesimal) equivariantmomentum
map. Comparing with the usual non-equivariance picture, we conjecture that
the Aut(P)-action has a non-equivariant momentummap and that the passage to
the extension is only necessary to obtain an equivariant momentum map. In this
context, one would also expect that an extension by R is sufficient instead of an
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extension by the much larger space C∞(M,R). Moreover, it is not clear whether
the extension (4.128) splits. As the general methods and techniques developed
in Chapter 3 are tailored to symplectic fiber models with equivariant momentum
maps, these questions go beyond the scope of this paper.
Appendices
A Notations and conventions
Because notations and, especially, sign and coefficient conventions are not uniform
in the literature, we provide below those used in this article. We also comment
on some peculiarities of the infinite-dimensional setting.
By a manifold we understand a possibly infinite-dimensional smooth manifold
without boundary modeled on a locally convex space as, for example discussed
in [Nee06]. If f : M → N is a smooth map between manifolds, its derivative, or
tangent map, at m ∈ M is denoted by Tm f : TmM → T f (m)N . The Lie algebra of
vector fields on a smooth manifold M is denoted by X(M), the Jacobi-Lie bracket
onX(M) by [·, ·], the space of k-exterior differential forms byΩk(M), the space of k-
contravariant tensors byXk(M), the exterior differential by d: Ωk(M) →Ωk+1(M),
the Lie derivative along a vector field Z ∈ X(M) by LZ (acting on any tensor
field), the interior product (contraction on the first index) of a form α ∈ Ωk(M)
with Z ∈ X(M) by iZα  Z α ∈ Ωk−1(M). In infinite dimensions, the cotangent
bundle is no longer a smooth bundle [Nee06, Remark 1.3.9] and hence smoothness
of differential forms has to be specified explicitly. A differential form is defined
as a set-theoretic section of the exterior bundle such that all chart representations
are smooth as maps U × Ek → R, where U is an open subset of M and E denotes
the model space of M. For the wedge product α ∧ β ∈ Ωk+l(M) of the differential
forms α ∈ Ωk(M) and β ∈ Ωl(M)we use the Bourbaki convention
(α ∧ β)(X1, . . .Xk+l) 
∑
σ
(sign σ)α (Xσ(1), . . . ,Xσ(k)) β (Xσ(k+1), . . . ,Xσ(k+l)) ,
where X1, . . .Xk+l ∈ X(M) and the sum is taken over all (k , l)-shuffles σ, i.e.,
permutations of {1, 2, . . . , k+ l} such that σ(1) < · · · σ(k) and σ(k+1) < · · · σ(k+ l).
Evaluation of a tensor field ξ on M at m ∈ M is denoted by ξm  ξ(m), yielding
a tensor of the same type on TmM. The vector space of skew-symmetric k-linear
maps on T∗mM and TmM is denoted by Λk(T∗mM) and Λk(TmM), respectively;
thus if α ∈ Ωk(M) and m ∈ M, then αm ∈ Λk(T∗mM).
Given topological vector spaces V and V∗ (not necessarily the functional
analytic dual), 〈·, ·〉 : V∗ ×V → R denotes a weakly non-degenerate pairing. IfW
is another topological vector space in weak duality with some topological vector
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spaceW ∗ and T : V →W is a linear continuousmap, then its dual T∗ : W ∗→ V∗ is
defined by 〈T∗α, v〉 .. 〈α, Tv〉, for any v ∈ V and α ∈ W ∗. Weak non-degeneracy
of the pairings guarantees only uniqueness of the linear dual map T∗, not its
existence, so in concrete situations, its existence needs to be checked.
Given a Lie group G, left and right translations by a ∈ G are denoted by
b 3 G 7→ La b .. ab ∈ G and b 3 G 7→ Ra b .. ba ∈ G, respectively. The tangent
map Tb La : TbG → TabG of La at an arbitrary b ∈ G is denoted, for simplicity,
by the same symbol La ; similar conventions are used for right translation. To
shorten notation even further, we will abbreviate Tb La(Ab) for Ab ∈ TbG by
a . Ab ∈ TabG. Similarly, we write Ab . a ≡ Tb Ra(Ab) for the right multiplication.
The Lie algebra of G is denoted by g and the (left) adjoint representation by
Ada .. Te (La ◦Ra−1) : g→ g; Ada is a Lie algebra isomorphism for any a ∈ G. The
(left) coadjoint representation ofG on the dual g∗ of g is denoted by Ad∗a−1 : g∗→ g∗
for any a ∈ G. The adjoint and coadjoint Lie algebra representations of g on g and
g∗, respectively, are denoted by adA B .. [A, B] and ad∗A : g∗ → g∗, respectively,
for any A, B ∈ g. We have Te(Ad· B)(A)  [A, B]  adA B for any A, B ∈ g.
The space of g-valued k-forms on a manifold M is denoted by Ωk(M, g). The
wedge product associated to the Lie bracket [·, ·] on g, denoted by [α ∧ β] ∈
Ωk+l(M, g) for any α ∈ Ωk(M, g) and β ∈ Ωl(M, g), is defined with the same
coefficient conventions as in the scalar case, i.e.,
[α ∧ β](X1, . . .Xk+l) 
∑
σ
(sign σ)[α (Xσ(1), . . . ,Xσ(k)) , β (Xσ(k+1), . . . ,Xσ(k+l)) ] ,
the sum being over all (k , l)-shuffles σ and X1, . . .Xk+l ∈ X(M) arbitrary.
If Υ : G × M → M is a left Lie group action and A ∈ g, the infinitesimal
generator, or fundamental, vector field defined by A is denoted by
A∗m ..
d
dt
t0Υ(exp(tA),m) ∈ TmM
for any m ∈ M, where exp: g → G is the exponential map of G. We have
[A, B]∗  −[A∗, B∗] for all A, B ∈ g. If the G-action on M is on the right, then
[A, B]∗  [A∗, B∗]. If the action is clear from the context, we also use the “dot
notation” for the action and its derivatives. So, for m ∈ M and g ∈ G, we
abbreviate g · m  Υ(g ,m). On the infinitesimal level, for A ∈ g, we will write
the fundamental vector field as A∗m  A . m. Similarly, g . Xm  TmΥg(Xm).
If f : M→ G is a smooth function, the left logarithmic derivative δm f : TmM→
g of f at m ∈ M is defined by δm f .. L−1f (m) ◦Tm f . Therefore δ f ∈ Ω1(M, g).
A Poisson structure on a smooth finite-dimensional manifoldM is a Lie algebra
structure {·, ·} on the vector space C∞(M) of smooth functions satisfying the
Leibniz identity { f g , h}  f {g , h} + { f , h}g for any f , g , h ∈ C∞(M). Thus,
{h , ·} : C∞(M) → C∞(M) is a derivation and hence defines a vector field Xh ∈
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X(M) on M, i.e., 〈d f ,Xh〉 .. {h , f } for any f ∈ C∞(M), called the Hamiltonian
vector field of h. Hamilton’s equations ddtm(t)  Xh(m(t)) can be written in
Poisson bracket form as ddt f (m(t))  {h , f }(m(t)) for any f ∈ C∞(M). The
Poisson tensor $ ∈ X2(M) is defined by $(d f ,dg) .. { f , g} for any f , g ∈
C∞(M) and the Schouten bracket of $ with itself vanishes. Conversely, any
$ ∈ X2(M) with this property defines a Poisson bracket by the formula above.
Denote by $] : T∗M → TM the vector bundle map covering the identity defined
by
〈
α, $]β
〉 .. $(α, β) for any α, β ∈ Ω1(M). If the map $] is invertible, its
inverse, ω[ : TM → T∗M defines a closed two form ω ∈ Ω2(M) by ω(X1,X2) ..〈
ω[(X1),X2
〉
 $
( (
$]
)−1X1, ($])−1X2) for any X1,X2 ∈ X(M). In this case,
(M, ω) is a symplectic manifold. The Hamiltonian vector field Xh of h ∈ C∞(M) is
given then, alternatively, by the identity Xh ω  −dh. Any symplectic manifold
(M, ω) is Poisson by setting { f , h} .. ω(X f ,Xh).
IfQ is finite dimensional, the cotangent bundle is naturally an exact symplectic
manifold (T∗Q , ωcan), where ωcan  dθcan, where θcan ∈ Ω1(T∗Q) is given by〈
θcan(αq),Vαq
〉

〈
αq , Tqpi
(
Vαq
)〉
, for all αq ∈ T∗Q,Vαq ∈ Tαq (T∗Q), and pi : T∗Q 3
αq 7→ q ∈ Q is the cotangent bundle projection. In canonical cotangent bundle
coordinates (q1, . . . , qn , p1, . . . , pn), we have θcan  pi dq i and ωcan  dpi ∧ dq i .
Thus, the Hamiltonian vector field is given by X f 
∂ f
∂pi
∂q i − ∂ f∂q i ∂pi and the
Poisson bracket takes the form { f , h}  ∂ f∂pi ∂h∂q i −
∂ f
∂q i
∂h
∂pi
.
Let (M, ω) be a symplectic G-manifold. A momentum map for the action, if it
exists, is a smooth map J : M → g∗ satisfying
A∗ ω + dJA  0, A ∈ g,
where JA .. 〈A, J〉 : M → R.
A principal G-bundle is a fiber bundle P → M together with a smooth right
action of G on P, which is fiber-preserving, free, and transitive on each fiber. In
particular, M  P/G. Given a left G-manifold F, we form the associated bundle
F  P ×G F .. (P × F)/G as the quotient of P × F by the natural free right action
of G, i.e., (p , f ) · g .. (p · g , g−1 · f ), for any p ∈ P, f ∈ F, and g ∈ G. Denoting
by [p , f ] points in P ×G F, we have the identity
[p · g , f ]  [p , g · f ],
often used in the text. The smooth projection map P ×G F 3 [p , f ] 7→ [p] ∈ M 
P/G defines a locally trivial fiber bundle with total space P ×G F, base M, and
typical fiber F.
An important particular case of this construction occurs by taking F  g, where
g is the Lie algebra of G, and the G-action on g is the adjoint action. In this case,
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the associated bundle is called the adjoint bundle and is denoted by AdP; it is
a vector bundle all of whose fibers are Lie algebras and the bracket operation
depends smoothly on the base point, i.e., AdP is a Lie algebra bundle. Taking
F  g∗ and the coadjoint action on g∗ yields as associated bundle the coadjoint
bundle Ad∗P → M. Each fiber of this vector bundle carries the Lie-Poisson
bracket which depends smoothly on the base, i.e., Ad∗P is a Lie-Poisson vector
bundle. A third useful example is the conjugation bundle ConjP → M which
is the associated bundle obtained by taking F  G with the G-action being the
conjugation on G. The fibers of this bundle carry a natural group structure,
depending smoothly on the base, so this is a group fiber bundle.
B Fiber integration
In this appendix, we review the method of fiber integration in the special case of
trivial bundles, because it appears often in formulas and computations in the text.
All the proofs of the following statements can be found in [GHV72, Section VII.5],
where also the more general situation of locally trivial fiber bundles is discussed.
Let pi : M × F→ M be a finite-dimensional trivial fiber bundle. Assume that
the fiber F is oriented and closed (i.e., F is compact and without boundary).
Integrating a differential form α ∈ Ωk(M × F) over the fiber F yields a (k −dim F)-
form −
∫
F α on the base M by defining
©­« −
∫
F
α
ª®¬m ..
∫
F
αm ∈ Λk−dim F(T∗mM), (B.1)
where, for m ∈ M, the retrenchment αm ∈ Ωdim F(F,Λk−dim F(T∗mM)), a (dim F)-
form on F with values in the vector space Λk−dim F(T∗mM), is defined by〈(αm) f (Z1, . . . , Zdim F),X1 ∧ · · · ∧ Xk−dim F〉
 α(m , f )
(
X1, . . . ,Xk−dim F , Z1, . . . , Zdim F
) (B.2)
for m ∈ M, f ∈ F, Xi ∈ TmM, and Z j ∈ T f F. This defines a linear map
−
∫
F
: Ωk(M × F) → Ωk−dim F(M). (B.3)
Remark B.1 Note that, on a formal level, the discussion above also applies to
the case of an infinite-dimensional manifold M, because in the end, we are just
integrating over the finite-dimensional fiber F. However, a direct and carefree
translation of the previous approach to an infinite-dimensional manifold M
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is impeded by the fact that the cotangent bundle T∗M is not a smooth bundle
in this case [Nee06, Remark I.3.9]. Thus, it is then not clear in which sense
the retrenchment depends smoothly on m ∈ M. Moreover, to integrate a form
β ∈ Ωdim F(F,V) on F with values in a locally convex space V , one would need at
least Mackey completeness of V (see [Nee06, Remark I.4.4]). To circumvent these
problems for infinite-dimensional base manifolds, we directly define the fiber
integral by
©­« −
∫
F
α
ª®¬m (X1, . . . ,Xk−dim F) 
∫
F
α(m ,·)(X1, . . . ,Xk−dim F , ·). (B.4)
Here, the integrand is a real valued, top-degree form on F. We then have
to check that −
∫
α is indeed a smooth form on M. But this follows from the
local expression as in the finite-dimensional case; compare [GHV72, Proof of
Proposition VII.5.7.11.VII]. ♦
Fiber integration enjoys the following properties:
(i) Equivariance with respect to maps on the base:
φ∗−
∫
F
α  −
∫
F
(φ × idF)∗α (B.5)
holds for all smoothmapsφ : M→M, see [GHV72, PropositionVII.5.7.12.VIII].
(ii) Invariance under fiber transformations: for all orientation-preserving
diffeomorphisms ψ of F,
−
∫
F
(idM × ψ)∗α  −
∫
F
α, (B.6)
see [GHV72, Proposition VII.5.7.12.VIII].
(iii) Contraction with vector fields:
X −
∫
F
α  −
∫
F
(X × 0F) α (B.7)
holds for all vector fields X ∈ X(M). Furthermore, for Z ∈ X(F), we have
−
∫
F
(0M × Z) α  0, (B.8)
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see [GHV72, Proposition VII.5.7.13.X].
(iv) Fiber integration commutes with the exterior differential on M and M × F:
d−
∫
F
α  −
∫
F
dα, (B.9)
see [GHV72, Proposition VII.5.7.13.X]. In this formula, the fact that F is
boundaryless is essential. If F has a non-empty boundary, the formula
above has contributions from the boundary (see [GHV72, Problem VII.4]):
d−
∫
F
α  −
∫
F
dα + (−1)deg α+dim F−
∫
∂F
α. (B.10)
(v) Up-down formula: for any β ∈ Ωk(M) and α ∈ Ωl(M × F), we have
−
∫
F
pi∗β ∧ α  β ∧ −
∫
F
α, (B.11)
see [GHV72, Proposition VII.5.7.13.IX].
C Hat product for fiber bundles
Vizman [Viz11] introduced the hat product of differential forms as a method
to construct differential forms on the mapping space C∞(M, F) starting from
differential forms on M and F. We generalize these ideas to induce differential
forms on the space of smooth sections of a fiber bundle.
Let M be a compact, oriented, finite-dimensional manifold without boundary
and let pi : F→ M be a finite-dimensional fiber bundle overM. Then the spaceF
of smooth sections of F is a Fréchet manifold. The evaluationmap ev: M×F → F
assigns to a section φ ∈ F and a point m ∈ M the value φ(m) ∈ F. Furthermore,
let prM : M ×F → M denote the projection on the first factor. We define the hat
product as the bilinear map1
∗ˆ : Ωk(M) ×Ωl(F) → Ωk+l−dimM(F), α ∗ˆ ω  −
∫
M
pr∗Mα ∧ ev∗ω, (C.1)
where the fiber integration over the trivial bundle M × F → F is defined as
explained in Remark B.1. Unravelling the definitions using (B.4) gives the explicit
1 We use a different sign convention than the one used in [Viz11].
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formula
(α ∗ˆ ω)φ(Y1, . . .Yr)  (−1)kr
∫
M
α ∧ φ∗ (Yr · · ·Y1 (ω ◦ φ)) , (C.2)
where r  k + l − dimM denotes the degree of the hat product, α ∈ Ωk(M),
ω ∈ Ωl(F), Yi ∈ Γ∞(φ∗VF), and VF ⊂ TF is the vertical subbundle. Moreover, we
used the abbreviation φ∗(Yr · · ·Y1 (ω ◦ φ)) ∈ Ωl−r(M) for the partial pull-back
φ∗
(
Yr · · ·Y1 (ω ◦ φ))m(X1, . . .Xl−r)
 ωφ(m)
(
Y1(m), . . . ,Yr(m), Tmφ(X1), . . . , Tmφ(Xl−r)
)
 (ev∗ω)m ,φ(Y1, . . . ,Yr ,X1, . . . ,Xl−r).
(C.3)
Remark C.1 In the special case where α is a volume form µ on M, we get the
following l-form on F
(µ ∗ˆ ω)φ(Y1, . . . ,Yl)  (−1)l dimM
∫
M
φ∗(Yl · · ·Y1 (ω ◦ φ)) µ. (C.4)
Since Yi(m) is a vertical tangent vector at φ(m), we see that µ ∗ˆω only depends on
the vertical component of the form ω. Hence, in this case, we can also consider
the hat product of µwith a differential form ω along the fibers of F by using (C.4)
as the definition. ♦
Let us now explore the resulting calculus. Since the exterior differential
commutes with fiber integration by (B.9), we have
d(α ∗ˆ ω)  −
∫
M
d(pr∗Mα ∧ ev∗ω)
 −
∫
M
pr∗M dα ∧ ev∗ω + (−1)k−
∫
M
pr∗Mα ∧ ev∗ dω
 dα ∗ˆ ω + (−1)kα ∗ˆ dω.
(C.5)
In particular, if α  µ is a volume form on M, then, by Remark C.1,
d(µ ∗ˆ ω)  (−1)dimMµ ∗ˆ dpiω, (C.6)
where dpi denotes the vertical differential along the fibers.
For every bundle automorphismψ of F, we denote the induced diffeomorphism
on the base M by ψˇ. With this notation, the canonical smooth left action of
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Aut(F) on the section space F takes the form
Υ : Aut(F) × F → F , ψ · φ  ψ ◦ φ ◦ ψˇ−1. (C.7)
On the infinitesimal level, we obtain
Y∗φ  TidΥφ(Y) 
d
dε
0ψε ◦ φ ◦ ψˇ−1ε  Y ◦ φ − Tφ(Yˇ) ∈ Γ∞(φ∗VF), (C.8)
where, for Y ∈ aut(F), the induced vector field on M is denoted by Yˇ and the
curve ε 7→ ψε ∈ Aut(F) is tangent to Y at ε  0, i.e., ψ0  id and ddε

ε0
ψε  Y.
The next proposition shows how the action of Aut(F) on F interacts with the hat
product.
Proposition C.2 Let α ∈ Ωk(M) and ω ∈ Ωl(F). For every ψ ∈ Aut(F), whose
induced diffeomorphism ψˇ on M is orientation-preserving, and Y ∈ aut(F) we have
Υ∗ψ(α ∗ˆ ω)  (ψˇ∗α) ∗ˆ (ψ∗ω), (C.9)
LY∗(α ∗ˆ ω)  (LYˇα) ∗ˆ ω + α ∗ˆ (LYω). (C.10)
Moreover,
Y∗ (α ∗ˆ ω)  (Yˇ α) ∗ˆ ω + (−1)kα ∗ˆ (Y ω). (C.11)
♦
Proof. The following identities clearly hold:
prM ◦ (idM × Υψ)  prM , (C.12)
ev ◦ (idM × Υψ)  ψ ◦ ev ◦ (ψˇ−1 × idF ), (C.13)
prM ◦ (ψˇ × idF )  ψˇ ◦ prM . (C.14)
Using these relations, we calculate
Υ∗ψ(α ∗ˆ ω)
(B.5)
 −
∫
M
(idM × Υψ)∗(pr∗Mα ∧ ev∗ω)
 −
∫
M
pr∗Mα ∧
(
ψ ◦ ev ◦ (ψˇ−1 × idF ))∗ ω
 −
∫
M
(ψˇ−1 × idF )∗ ((ψˇ × idF )∗pr∗Mα ∧ ev∗(ψ∗ω))
(B.6)
 −
∫
M
pr∗M(ψˇ∗α) ∧ ev∗(ψ∗ω)
 (ψˇ∗α) ∗ˆ (ψ∗ω).
(C.15)
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The infinitesimal version (C.10) of (C.9) follows by differentiating using the
product law. For the contraction with the Killing vector field, we have
Y∗ (α ∗ˆ ω)(B.7) −
∫
M
(0M × Y∗) (pr∗Mα ∧ ev∗ω)
 (−1)k−
∫
M
pr∗Mα ∧
((0M × Y∗) ev∗ω)
 (−1)k−
∫
M
pr∗Mα ∧ ev∗(Y ω)
+ (−1)k−
∫
M
pr∗Mα ∧
(
(−Yˇ × 0F ) ev∗ω
)
 (−1)kα ∗ˆ (Y ω) − −
∫
M
(Yˇ × 0F ) (pr∗Mα ∧ ev∗ω)
+ −
∫
M
(
(Yˇ × 0F ) pr∗Mα
)
∧ ev∗ω
(B.8)
 (−1)kα ∗ˆ (Y ω) + 0 + −
∫
M
pr∗M(Yˇ α) ∧ ev∗ω
 (Yˇ α) ∗ˆ ω + (−1)kα ∗ˆ (Y ω).
(C.16)
Here, the general identity Y f ∗β  f ∗(TY β ◦ f ) for the partial pull-back,
see (C.3), was utilized in the form
(0M × Y∗) pr∗Mα  pr∗M(TprM(0M × Y∗) α ◦ pr)  0, (C.17)
(0M × Y∗) ev∗ω  ev∗(Tev(0M × Y∗) ω ◦ ev)
 ev∗(Y ω) − ev∗(Tev(Yˇ × 0F ) ω ◦ ev)
 ev∗(Y ω) − (Yˇ × 0F ) ev∗ω,
(C.18)
(Yˇ × 0F ) pr∗Mα  pr∗M(TprM(Yˇ × 0F ) α)  pr∗M(Yˇ α), (C.19)
where, for the second identity, we used the infinitesimal version of (C.13). 
D Cheeger-Simons differential characters
Cheeger–Simons differential characters model connections on higher circle n-
bundles. As such, they generalize circle bundles to “bundles” whose curvature
is not a 2-form but a n-form. Differential characters were introduced by Cheeger
and Simons [CS85]. The idea is to adopt and generalize the representation
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of principal circle bundles with connection via their holonomy map. First we
summarize the main constructions and operations for differential characters and
then we introduce the hat product of differential characters. All details and
proofs can be found in [BB14] if no other references are given. The only original
work in this section are Proposition D.3 and Appendix D.3 where we calculate
the derivative of the pull-back map and where we generalize the hat product to
differential characters, respectively.
D.1 Motivation: circle bundles
Let us first recall some basic facts about ordinary principal U(1)-bundles in a
language which will motivate their generalization to higher bundles.
We will denote the set of equivalence classes of principal U(1)-bundles with
connections over M by Hˆ2(M,U(1)). The reason for this notation will become
clear from the considerations below. We have four canonical maps:
Curvature The curvature curvΓ of the connection Γ is a 2-form on M. By the
Bianchi identity, curvΓ is closed. Furthermore, the periods of the curvature are
integral (after dividing by 2pi). Thus, in summary, we get a curvature map to the
space of closed 2-forms with integral periods
curv: Hˆ2(M,U(1)) → Ω2cl,Z(M,R). (D.1)
Flat bundle The holonomy of a flat connection yields a homomorphism Hol:
pi1(M) → U(1) from the fundamental group to the circle group. Since the target
is an Abelian group, the commutator subgroup [pi1(M), pi1(M)] lies in the kernel
of Hol. On the other hand, the Abelianization
pi1(M)/[pi1(M), pi1(M)] is isomorphic to H1(M,Z)
by the Hurewicz theorem. The universal coefficient theorem now gives the
isomorphism Hom(H1(M,Z),U(1))  H1(M,U(1)) since U(1) is divisible. Thus,
flat line bundles are represented by H1(M,U(1)) and we get a natural injection
 : H1(M,U(1)) ' Hom(pi1(M)/[pi1(M), pi1(M)],U(1)) → Hˆ2(M,U(1)). (D.2)
Characteristic class Assigning the Chern class to a bundle furnishes a map
c : Hˆ2(M,U(1)) → H2(M,Z). (D.3)
Trivial bundle Connections on the trivial bundle M × U(1) are canonically
identified with real valued 1-forms. So, we can view elements of Ω1(M,R) as
trivial bundles with connection, and thus get a map ι : Ω1(M,R) → Hˆ2(M,U(1)).
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The kernel of ι consists of all α ∈ Ω1(M,R) which are gauge-equivalent to 0,
i.e., there exists a gauge transformation φ : M → U(1) such that α  δφ. For
connected M, this is exactly the case if α is closed and integral. Thus we get an
injection
ι : Ω1(M,R)/Ω1cl,Z(M,R) → Hˆ2(M,U(1)). (D.4)
D.2 Differential characters
LetM be smoothmanifold. In the following, we assume that all singular simplices
are smooth, i.e., we work with smooth singular (co-)homology. Let Zk−1(M,Z)
denote the group of smooth integral-valued singular cycles of degree k − 1.
DefinitionD.1 ([BB14, Section 5.1]) A group homomorphisms h : Zk−1(M,Z) →
U(1) is called a differential character if there exists a differential form curv h ∈
Ωk(M,R) satisfying
h(∂c)  exp ©­«2pii
∫
c
curv hª®¬ (D.5)
for every smooth singular k-chain c. The k-th Cheeger–Simons differential cohomol-
ogy group Hˆk(M,U(1)) is the subgroup of Hom(Zk−1(M,Z),U(1)) consisting of
differential characters. ♦
Cheeger–Simons differential characters provide a model for differential coho-
mology theory [BB14, Definition 5.9] in the sense that we get a functor Hˆ∗(·,U(1))
from the category of smooth manifolds to the category of Z-graded Abelian
groups, together with four natural transformations
• curvature curv: Hˆ∗(·,U(1)) → Ω∗cl,Z(·,R)
• inclusion of flat classes  : H∗−1(·,U(1)) → Hˆ∗(·,U(1))
• characteristic class c : Hˆ∗(·,U(1)) → H∗(·,Z)
• topological trivialization ι : Ω∗−1(·,R)/Ω∗−1cl,Z(·,R) → Hˆ∗(·,U(1))
These transformations generalize themaps discussed in Appendix D.1. Moreover,
for every smooth manifold M and k ∈ Z the following diagram commutes and
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all rows and columns are exact:
0 0 0
0 Jack−1(M) Ωk−1(M,R)
Ωk−1cl,Z(M,R)
dΩk−1(M,R) 0
0 Hk−1(M,U(1)) Hˆk(M,U(1)) Ωkcl,Z(M,R) 0
0 ExtAb(Hk−1(M,Z),Z) Hk(M,Z) Hom(Hk(M,Z),Z) 0
0 0 0
ι

c
curv (D.6)
Here Jacl(M) denotes the Jacobian torus Hl(M,R)/Hl(M,Z), and the Abelian
group ExtAb(Hk−1(M,Z),Z) of equivalence classes of Z-extensions of Hk−1(M,Z)
is canonically identified with the torsion subgroup of Hk(M,Z). The horizontal
sequence in the middle captures information mainly about the connection. For
ordinary principal U(1)-bundle it states that every closed integer 2-form can be
realized as the curvature of a connection and that flat bundles are parametrized by
their holonomy on generators of pi1(M). The topological information is encoded
in the vertical sequences. The surjective map c : Hˆk(M,U(1)) → Hk(M,Z) shows
that differential cohomology refines integer-valued cohomology.
Let us finally comment on the group structure for the case of ordinary principal
U(1)-bundles. As far as we know, the group structure was first observed by
Kobayashi [Kob56]. The addition of two principal U(1)-bundles P and P˜ over M
is defined as follows. First, consider the fiber product P ×M P˜ and then identify
the points which differ by an U(1)-action, i.e., we set
P + P˜ .. P ×M P˜ / (p , p˜) ∼ (p · z , p˜ · z−1) (D.7)
The so-defined object P + P˜ is indeed a smooth principal U(1)-bundle, where the
U(1)-action is the translation in the first factor. The trivial bundle constitutes the
identity element, i.e., P + (M ×U(1)) is isomorphic to P. For a given principal
bundle P, we let −P denote the U(1) bundle that has the same underlying bundle
structure as P but carries the modified U(1)-action
p ∗ z .. p · z−1, (D.8)
where on the right side U(1)-acts as in P. Then P + (−P) is isomorphic to the
trivial bundle. We leave it to the reader to verify that the addition of bundles is
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commutative and associative. Connections A and A˜ on the bundles combine to a
connection pr∗1A + pr∗2A˜ on P ×M P˜, which descends to a connection A + A˜ on
P + P˜. The curvature of A + A˜ is the sum of the corresponding curvatures.
Coming back to the general case, Hˆk(M,U(1)) is not just a group but even a
Lie group.
Proposition D.2 (Lie group structure [BSS17, Section A]) Let M be a compact
manifold. For every k ≥ 1, the group Hˆk(M,U(1)) is an infinite-dimensional Fréchet Lie
group diffeomorphic to
Hk(M,Z) ×
(
Ωk−1(M,R)/Ωk−1cl,Z(M,R)
)
. (D.9)
Its Lie algebra hˆk(M,U(1)) is isomorphic to the Abelian Fréchet Lie algebra
Ωk−1(M,R)/dΩk−2(M,R). (D.10)
With respect to this differentiable structure, all natural maps curv, , c , ι are smooth and
hence the defining diagram (D.6) is a commutative diagram of Lie groups. ♦
Let us now describe the different operations that constitute the calculus of
differential cohomology.
Pull-back A smooth map f : M → N induces a pull-back operation
f ∗ : Hˆk(N,U(1)) → Hˆk(M,U(1)) (D.11)
on the level of differential characters. Here f ∗h is defined by f ∗h  h ◦ f∗, i.e., as
the dual of the induced map f∗ : Zk−1(M,Z) → Zk−1(N,Z) on cycles. Pull-back
commutes with the curvature and the characteristic map.
Proposition D.3 (Smoothness of the pull-back operation) Let h ∈ Hˆk(N,U(1)) be
a differential character on the finite-dimensional manifold N . For every closed manifold
M, the pull-back map
pbh : C
∞(M,N) → Hˆk(M,U(1)), φ 7→ φ∗h (D.12)
is smooth with logarithmic derivative
δφpbh(X) 
[
φ∗(X curv h ◦ φ)] ∈ Ωk−1(M,R)/dΩk−2(M,R) (D.13)
for all X ∈ Tφ C∞(M,N). ♦
Proof. Let φε : M→ N be a smooth family ofmapswhose derivative at ε  0 is the
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tangent vector X ∈ Tφ C∞(M,N). The homotopy formula [BB14, Example 7.19]
φ∗εh − φ∗h  (−1)k−1 ι
©­­« −
∫
[0,1]
φ˜∗ε curv h
ª®®¬ (D.14)
reduces the problem to the case of differential forms. Here, φ˜ε : M × [0, 1] → N
denotes the smooth homotopy between φ and φε (for a fixed ε). The following
calculation using Lemma D.4 below, proves the identity (D.13):
d
dε
0 −
∫
[0,1]
φ˜∗ε curv h  −
∫
[0,1]
d
dε
0φ˜∗ε curv h
(D.20)
 −
∫
[0,1]
d φ˜∗0
(
d
dε
0φ˜ε curv h ◦ φ˜0
)
 −
∫
[0,1]
d
(
pr∗M
(
φ∗(X curv h ◦ φ)) ∧ pr[0,1])
(B.10)
 d−
∫
[0,1]
pr∗M
(
φ∗(X curv h ◦ φ)) ∧ pr[0,1]
+ (−1)k−1−
∫
∂[0,1]
pr∗M
(
φ∗(X curv h ◦ φ)) ∧ pr[0,1]
(B.11)
 0 + (−1)k−1φ∗(X curv h ◦ φ) ∧ −
∫
∂[0,1]
pr[0,1]
 (−1)k−1φ∗(X curv h ◦ φ),
(D.15)
where we used the notation of the partial pull-back (C.3). 
Alternative proof. In the case k  2 (where Hˆ2(N,U(1)) parametrizes principal
circle bundles with connection), we can give a more direct and geometric proof.
Let P → N be principal U(1)-bundle with connection Γ. Let ηε be a family of
smooth closed curves in N representing the tangent vector Y ∈ Tη C∞(S1,N).
The derivative of the holonomy map Hol: C∞(S1,N) → U(1) in the direction of
Y can be calculated, heuristically, by
d
dε
0 Hol(ηε)  ddε
0 exp
©­­«
∫
ηε
Γ
ª®®¬  Hol(η)+
∫
S1
(curvΓ)η(τ)(Y(τ), Ûη(τ))dτ. (D.16)
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This calculation can be made rigorous and even generalizes to non-Abelian
bundles; see [Die] for details. Now let γ be a closed curve in M and consider a
family of smooth maps φε : M → N representing X ∈ Tφ C∞(M,N). The above
calculation implies
d
dε
0pbh(φε)(γ)  ddε
0h(φε ◦ γ)
 h(φ ◦ γ) +
∫
S1
(curv h)φ◦γ(τ)(Xγ(τ), Tφ( Ûγ(τ)))dτ.
(D.17)
Thus, the derivative of the pull-back map is
δφpbh(X)(γ) 
∫
γ
φ∗(X curv h ◦ φ). (D.18)

Lemma D.4 Let α be a differential k-form on the finite-dimensional manifold N. For
every closed finite-dimensional manifold M, the pull-back map
pbα : C
∞(M,N) → Ωk(M), φ 7→ φ∗α (D.19)
is smooth and has derivative
Tφpbα(X)  LφXα  d
(
φ∗(X α ◦ φ)) + φ∗ (X (dα ◦ φ)) (D.20)
for X ∈ Tφ C∞(M,N). Here LφXα .. ddε

0
φ∗εα denotes the Lie derivative along the map
φ, so that the second equality in (D.20) generalizes Cartan’s formula. Moreover, we used
the notation of the partial pull- back (C.3). ♦
Proof. Let φε : M → N be a family of maps representing the tangent vector
X ∈ Tφ C∞(M,N). We have Tφpbα(X)  ddε

0
φ∗εα  L
φ
Xα by definition. For the
generalized Cartan formula, we need to check the identity only for functions
and for exact 1-forms, because these generate the exterior algebra. On functions
α  f ∈ C∞(N), we get
(LφX f )m 
d
dε
0(φ∗ε f )(m)  Tφ(m) f (Xm)  (φ∗(X d f ◦ φ))m . (D.21)
Similarly, for exact one forms α  d f , we find
L
φ
X(d f ) 
d
dε
0φ∗ε d f  d ddε
0φ∗ε f  d(φ∗(X d f ◦ φ)) . (D.22)
This completes the proof. 
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Product There exists an associative and Z-bilinear product of differential
characters denoted by
?: Hˆk(M,U(1)) × Hˆl(M,U(1)) → Hˆk+l(M,U(1)). (D.23)
It satisfies the following properties [BB14, Definition 6.1]:
(i) (Ring structure) The product? is associative and bilinear.
(ii) (Graded commutativity) h ? g  (−1)kl g ? h.
(iii) (Naturality under pull-back) For a smooth map f : N → M, we have
f ∗(h ? g)  ( f ∗h)? ( f ∗g).
(iv) (Compatibility with curvature) curv(h ? g)  curv h ∧ curv g.
(v) (Compatibility with characteristic class) c(h ? g)  c(h) ∪ c(g).
(vi) (Compatibility with trivializations) ι(α)? h  ι(α ∧ curv h).
As shown in [BB14], these properties completely characterize the product (D.23);
we refer to this book for the lengthy proof of this statement. In this paper, we use
only these properties without appealing to the concrete construction of?.
Fiber integration Let pi : F→ M be a smooth fiber bundle whose typical fiber
F is a closed, finite-dimensional oriented manifold. Then fiber integration [BB14,
Definition 7.1] yields a group homomorphism
−
∫
: Hˆk(F,U(1)) → Hˆk−dim F(M,U(1)) (D.24)
such that the curvaturemap intertwines fiber integration of differential characters
with ordinary fiber integration of differential forms −
∫
: Ωk(F) → Ωk−dim F(M), i.e.,
the following diagram commutes:
Hˆk(F,U(1)) Hˆk−dim F(M,U(1))
Ωk(F) Ωk−dim F(M).
−
∫
curv curv
−
∫ (D.25)
D.3 Hat product of differential characters
Vizman [Viz11] introduced the hat product of differential forms as a means to
construct differential forms on the mapping space C∞(M, F) from differential
forms on the finite-dimensional manifolds M and F. We now generalize these
D Cheeger-Simons differential characters 103
ideas to the level of differential characters. A similar construction has been used
also in [Die+19]. The hat product of differential characters yields a method that
combines higher bundles on M and F to bundles on the mapping space. In the
process, we also generalize the procedure of higher dimensional transgression
[BB14, Chapter 9.2].
As in Appendix C, we consider the more general setup of sections of a fiber
bundle. Let M be a compact, oriented, finite-dimensional manifold without
boundary, and let pi : F→ M be a finite-dimensional fiber bundle over M. Recall
from [Viz11] that the hat product of differential forms used the evaluation and
projectionmap to construct differential forms onM×F and then integrate out the
M-factor. We use the same strategy to define the hat product of differential char-
acters. The evaluation map ev: M ×F → F yields a pull-back map of differential
characters ev∗ : Hˆl(F,U(1)) → Hˆl(M ×F ,U(1)). Similarly, the projection on the
first factor induces a homomorphism pr∗M : Hˆ
k(M,U(1)) → Hˆk(M × F). Taking
the product of these differential forms yields an element of Hˆk+l(M ×F). Finally,
we integrate over M by viewing M ×F as a trivial bundle over F . Summarizing,
we have constructed a map
∗ˆ : Hˆk(M,U(1)) × Hˆl(F,U(1)) → Hˆk+l−dimM(F ,U(1)),
h ∗ˆ g .. −
∫
M
pr∗Mh ? ev
∗g. (D.26)
Using the compatibility with the curvature map, we calculate
curv(h ∗ˆ g)  −
∫
M
pr∗M curv h ∧ ev∗ curv g  curv h ∗ˆ curv g , (D.27)
that is, the curvature of the hat product of differential characters equals the hat
product of the corresponding curvatures. Let us now discuss a few special cases.
Prequantization Fix a differential character µ on M whose degree coincides
with the dimension of M. Then we define a µ-dependent map by
Hˆl(F,U(1)) → Hˆl(F ,U(1)), h 7→ µ ∗ˆ h. (D.28)
Inparticular, for l  2, principalU(1)-bundles on F yieldprincipalU(1)-bundles on
the section spaceF . By (D.27), the differential character µ ∗ˆ h is a prequantization
of (F , curv µ ∗ˆ curv g).
Transgression The transgression map [BB14, Definition 9.1] uses the hat product
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with the identity element e ∈ Hˆ0(M,U(1)):
Hˆl(F,U(1)) → Hˆl−dimM(F ,U(1)), h 7→ e ∗ˆ h  −
∫
M
ev∗h. (D.29)
For the special case of a trivial fiber bundle F  F ×M over M  S1, the space
of smooth sections is identified with the space L∞(F) of smooth loops in F, and
transgression yields a map Hˆl(F,U(1)) → Hˆl−1(L∞(F),U(1)). In degree l  2, it
assigns to a principal U(1)-bundle over F its holonomy map L∞(F) → U(1).
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